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Abstract We study a discrete-time single server priority queueing model with vacations under random
order of service discipline within each class. This model captures the behavior of the head-of-line request
queues in large input-buffered ATM switches. The server takes vacations when the queue has been empty
for a random number of slots. We presume a message consists of a geometrically distributed number of cells.
To represent this aspect, we assume that once a message gets in turn for service, it is served for a constant
time which corresponds to one-cell-time and it rejoins the queue after service with a given probability. We
derive the joint probability distribution of the queue length and waiting time through probability generating
function approach. Mean waiting times are obtained and their numerical results are shown.

1. Introduction

In recent years, telecommunication traffic volume is rapidly increasing as various multimedia,
applications are being developed and the coverage of communication networks becomes
widespread to accommodate more users. In order to integrate these types of traffic satisfying
the requested QoS in a common network, ATM technique has been developed and the
performance evaluation of ATM switches is strongly desired. In the performance analysis
of the input-buffered ATM switches, the introduction of the concept of virtual queues is
important [7]. The virtual queue consists of messages at the head of each input-buffer
competing for the same output-port. We regard the virtual queue and the output-port as a
system, and estimate the performance of the system through queueing theory.

Queueing systems have been extensively studied and applied in the performance evalu-
ation of computer systems and communication networks, and a good compilation of results
on the M/G/1 queueing system and its variants can be found in [10]. M/G/1 queues with
vacations [3] serve as simplified models in analyzing cyclic service network protocols. By
vacation, we mean that the server becomes unavailable for occasional intervals of time.
Variants of queueing model with priorities [5] can be used to mathematically describe net-
works that support a variety of traffic classes with different service requirements. In the
vast literature on single server queues, many of them treat continuous time systems under
FIFO discipline. In ATM networks, a message is divided into cells, blocks of a constant
length, before transmission and cells are switched in a constant time. Thus an ATM switch
is often modeled as a discrete time queueing system. Furthermore in these studies on the
performance of ATM switches, the order of service is not FIFO in many cases. Especially,
random order of service discipline (ROS) is significant in the context of performance anal-
ysis of input-output-buffered ATM switches [1]. Under ROS, the next message for service
is selected at random from the messages of the highest priority class waiting in the queue.
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Takagi [11] widely studies discrete time systems including those under ROS. However, as
Laevens and Bruneel [8] point out, the result for ROS systems in [11] is rather complicated
and seems difficult to be applied to performance analysis of various ROS systems as it is.

In this paper we use the technique introduced in [6, 7, 8]. In [6] the waiting time under
ROS discipline for messages consisting of a single ATM-cell is analyzed, and the result is
extended to cover the case of variable-length messages in [8] and the case where a single
ATM-cell may feedback in [7]. We analyze a discrete time queueing system with vacations
each of which is initiated after the expiration of close-time without message arrivals. We
study a system where variable-length-messages belong to one of two priority classes. The
number of feedbacks corresponds to the length of messages. We assume preemptive service
where a message of normal priority class in service is put aside upon arrival of a message of
high priority class. This queueing model is an extension of previously analyzed models in
[6, 7, 8] and provides more flexibility in performance studies.

In ATM networks, all information including voice, video, and data, is conveyed in an
integrated fashion. The quality-of-service (QoS) required by different applications is highly
varied. We classify cells in two types, cells including real-time-data and those including
non-real-time-data. Since long delay is fatal for real-time-data, a group of cells of this
type is modeled as high-priority-message, while a group of cells conveying non-real-time-
data is modeled as normal-priority-message. Service priorities are not explicitly indicated
in the header of cells, however are associated implicitly with a VP or VC [2]. A call is
the connection request to transfer information stream of multimedia traffic. When a source
makes a call to a destination, the source has to first require VCs of ATM networks. As
a new call gets VCs, following two events happen. 1) Call admission control receives the
request of new VCs from a new call and checks the status of the network whether new VCs
are able to be established under QoS required by the call and 2) VCs are established. It is
necessary to limit the number of accepted calls in ATM networks to satisfy QoS requested
by calls. Call admission control decides properly whether a new VC is accepted based
upon its anticipated traffic characteristics, its QoS requirements and the current network
load [12]. In ATM networks, keeping VC connection while no cell is transmitted wastes
resources, especially buffers, and this should be avoided by putting the threshold concerning
the length of inactive periods. Once the threshold has been expired, the connection is
automatically closed to increase the utilization of network resources. We can model this
mechanism by using a queueing model with close-time, which corresponds to the threshold
for disconnection. The time from the instance when a call requests VCs to the instance the
call actually gets VCs is considered as a period of service suspension and modeled as the
remaining time of vacation in our system. Even under low utilization of network resources,
new VCs are only provided after call admission control admits their connection requests
and there is some time-lag between occurrences of requests and their set-ups. Under high
utilization of network resources, the meaning of vacation is more significant. Under this
situation, new VCs are not allowed upon a request due to network congestion. We show
some examples of these situations in the following. 1) Calls from various applications occupy
a lot of VCs. In this case a new call has to wait until some applications release their VCs.
2) The network supports ABR(Available Bit Rate) service. In ABR service, the network
provides rate feedback to the sender asking it to slow down when congestion occurs. In this
case, the rest of the available bandwidth after allocated to preceding VCs might be highly
utilized. When a new call is requested, the network first puts back pressure to ABR traffic
sources in order to reduce their transmission rates. It takes some time for new VCs to be
set up after the utilization gets lower.
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The main goal of this paper is to present a new method to estimate the performance of
ATM switches using ROS queueing system with vacations, feedback, priorities, and close-
time, which generalizes the queueing system by Laevens and Bruneel [7, 8, 6]. The approach
taken here is by means of the probability generating function (PGF) technique. It should
be noted that our approach is based upon that of Laevens and Bruneel and enables one to
treat complicated discrete queueing systems under ROS discipline easily.

This paper is organized as follows. We describe the model and introduce notation in
section 2. Section 3 derives the queue size distribution at various observing points through
generating function approach. Using the results in section 3, section 4 describes the deriva-
tion of the waiting time distribution for both high- and normal-priority messages. Section 5
presents the numerical results for the mean waiting time of both classes of messages under
various scenarios.

2. The Model

We consider a discrete-time queueing model. Time is thus divided into consecutive intervals
of a fixed length, called slots. There is one single server and the system has an infinite
buffer capacity, so that no message is lost due to buffer overflow. There are two kinds of
messages arriving at the system. They are indexed as My and My. My messages have
priority over My messages. That is, My messages are served iff there is no My message in
the queue. The order of the service for messages of the same kind is random(ROS). That
is the next message for service is selected at random from those waiting in the queue. The
arrival process is general and independent, i.e., the number of new arrivals during each slot
is assumed to be independent and identically distributed (i.i.d.). We denote by a,(,k) the

k)

number of new arrivals of M,(p = H, N) messages during slot k. Then, all a,(, are i.i.d.

k
with common probability generating function A,(z,) = E[x;’(” )] (p=H,N).

Every message receives service of one slot once it reaches the server. If afterwards it
requires more service, it has to rejoin the queue and wait once more until it wins the right
to be served. Messages rejoining the queue form an internal arrival process, while messages
arriving to the queue from outside the queue form an external arrival process. We assume
the number of slots for service which is required by a message is geometrically distributed
with parameter ay(ay) for My(My) messages.

When the server finishes serving a message and finds the system empty, it undergoes
close-time for a some number of slots. We introduce the probability generating func-
tion(PGF) C(z) for the number of slots in a close-time. If there is no message in the
system when a close-time ends, the server takes a vacation, otherwise it begins service for
messages upon their arrivals. Note that a close-time not always lasts as long as ’predicted’
by the distribution characterized by C(z). In other words, the length of an actual close
time may be distributed differently from C'(2). We assume that the length of a vacation is
ii.d. and define V' (z) as the PGF for the number of slots in a vacation. At the end of each
vacation, it checks again if there are messages waiting in the queue. When it finds any, it
begins to serve. Otherwise it takes another vacation. Later on this procedure is repeated.

The equilibrium condition for My messages is given by

AH
l—aH

<1,
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and that for My messages is given by

AH L AN
l—ay 1-—ay

<1,

where Ay is the mean number of My messages arriving in a slot, azd—HAH(iEH) |lzy=1 and Ay

is the mean number of My messages arriving in a slot, -E%AN({EN) lzy=1-

d
2.1. Classification of the System States

In this section we introduce periods and cycles to make clear the behavior of the system.
A set of designated slots successively located on the time axis is called period. We define
cycle as a set of slots or periods to capture the cyclic behavior of the system.

We define C-period as a period consisting of slots in which the server undergoes close-
time. Similarly we define V-period as a period the server is taking vacations, and B-period
as a period the server is devoted to service. We define Basic-cycle as a successive sequence
of C-period followed by V-period if any and B-period. At the beginning and the end of
Basic-cycle, the number of messages in the system is zero. Whether V-period appears in
Basic-cycle depends on whether any My or My messages arrive during C-period. On the
contrary, exactly one C-period and B-period appear in each Basic-cycle. See Figure 1.

¥ the boundary of the periods with the queue empty
: Basic-cycle ; ‘ Basic-cycle : Basic-cycle :
¥ \ 2 / | 4 L 4 L 4
-~ jclBiclv B c_|v B .

t
r"’/’l GN-cycle \\$

\ 4

a slot in which High-Priority message is served -~ GH-cycle

a slot in which Normal-Priority message is served

Figure 1: Structure of Basic-cycle

We classify slots in B-period into three types, FB-, BH- and BN- slots. FB-slot is a slot
in which the server is devoted to the service for either one of My messages waiting in the
queue at the end of C-period or V-period, or one of those which arrive to the system in
FB-slots. We define FB-period as a successive sequence of FB-slots. If C-period or V-period
is not ended by the arrival of My messages but that of My messages, FB-period does not
appear in Basic-cycle. In B-period, slots aside from FB-slots are classified into BH-slot or
BN-slot, if any. We define BH-slot as a slot in which the server serves My message and
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BN-slot as a slot in which the server serves My message. Since there is no My message
in the queue at the end of FB-period, it is followed by BN-slot unless no message is in the
queue. BN-slot also appears after C-period (V-period) not followed by FB-period. If there
are any My messages arriving to the system during this BN-slot, the next slot must be
BH-slot. A sequence of BH-slots continues until all Mg messages in the queue are served.
This means no My message is served until then. At the end of the successive BH-slots,
unless no My message is in the queue, another BN-slot appears and the process described
above is repeated.

We define GN-cycle as a successive sequence of BN-slot followed by BH-slots if any. In
this cycle exactly one My message and My messages if any are served. We define GH-
cycle as a slot in which one My message is served. This means each FB-slot and BH-slot
corresponds to this cycle.

To focus on the behavior of the tagged message, we define TH-cycle and TN-cycle. The
first TH-cycle begins at the beginning of the first GH-cycle after the arrival of the tagged
My message, and ends at the end of GH-cycle in which the tagged message is served for
the first time. If the tagged My message requires more slots for service, we define another
TH-cycle as a successive sequence of GH-cycles which begins at the end of the last TH-cycle,
and ends at the end of the next GH-cycle in which the tagged My message is served. This
procedure is repeated until the tagged My message leaves the system. See Figure 2. In this
figure, the tagged My message requires three slots for service before it leaves the system.
Similarly, we define TN-cycle. See Figure 3. In this figure, the tagged My message requires
two slots for service before it leaves the system.

GN-cycle

arrival of the tagged M, message

TH-cycle
v : TH<cycle ¢ TH-cycle i i
7
%% R
t
departure of the tagged M, message
/ “““““ GH-cycle the tagged message is served

Figure 2: Structure of TH-cycle

3. Queue Size Distribution

In this section, we derive the probability generating function (PGF) for the numbers of My
and My messages at various observing points.

We define I1¥2(zy) as the PGF for the number of My messages at the departure point
of a single cell in FB-periods, 11V (zy) as the PGF for the number of My messages at the
end of GN-cycles and 112 (zy) as the PGF for the number of My messages at the end
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arrival of the tagged M, message GN-cycle

FB—slis rr r; r/( '

- > | le—pie piebie—pie :;: : -<-—>- -4-——»-
i TN-cycle ple TN-cycle > t
departure of the tagged M message
/ """"" GN-cycle in which the tagged message is served

(the tagged message is served in the first slot of the GN-cycle)

Figure 3: Structure of TN-cycle

of BH-slots. See Figure 4. These PGFs are derived by using the method of the embedded

FB-period : GN-cycle GN-cycle : GN-cycle

Bl
<

=
L}

A
\ 4
A
\ 4
A

%{% bttt f\f\I/*/*,éfﬁfﬁu t
HFB(XI.Q I—IBH(XH)

l—IGN(X N)

a slot in which High-Priority message is served - GH-cycle

a slot in which Normal-Priority message is served
Figure 4: Observing points for each PGF

Markov chain (sec. 1.1 in Takagi[10]).

For the ease of convenience in the following analysis, we define By(zg), Bn(zy),
CFB(zg,zy) and VFB(zg,zy). By Bg(zg) we express the PGF for the number of in-
ternally arriving My messages in one GH-cycle as well as in one FB-slot. We also define
Bn(z ) as the PGF for the number of internally arriving My messages in one GN-cycle and
CFB(zg, zn) as the joint PGF for the number of My and My messages at the beginning of
FB-period which follows C-period. Similarly to CFB(zy,zn), VFB(2 g, zx) represents the
joint PGF for the number of My and My messages at the beginning of FB-period which
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follows V-period. These are given by

BH(£UH) =rgog + (1 — O{H)
BN(Q?N) =INON + (1 — aN)

CFB(zg,zy) = T 4500) An(zn)
_ V(Ag(za)An(zn)) = V(A(0)An(zn))

Next we derive GN(z), the PGF for the number of slots in one GN-cycle. We define
Om,1(%) as the PGF for the number of slots the server spends before it serves all My messages
in the queue on the condition that one My message exists in the system at the beginning
of a slot. The PGF for the number of externally arriving My messages during this slot is
given by Agx(zg). On the other hand, that of internally arriving My messages is given by
By (zy). Bach arrival generates an independent and identically distributed busy period for
My messages. Thus we get the recurrence relation

91:[’1(2) = ZAH(GHJ(Z))BH(@HJ(Z)). (31)

At the beginning of a successive sequence of BH-slots, the number of My messages is
distributed as (Ax(zx) — Ar(0))/(1 — Ax(0)). Then Opg(2), the PGF for the number of
successive BH-slots, is given as

Orn(z) = 1Ol _AntD) 32

In GN-cycle, the number of slots in which the server works for My messages is zero when no
My message arrives to the system during the first slot, in which an My message is served.
This event occurs with probability Ag(0). Otherwise, the GN-cycle continues until all Mg
messages in the system are served. In this case the GN-cycle consists of one slot for the
service for My message and a some number of slots distributed according to ©gg(z). From
the argument above, the PGF for the number of slots in GN-cycle is given as

GN(2) = {41 (0) + (1 — Ax(0))Oa(2)}z = {An(Om1(2))}2. (33

3.1. Derivation of [I"8(zy)

By adopting each departure point of a single cell of My message in FB-period as a Markov
point, we have the following equation

178 a) = 072 ) ) ¢ ) g S

(3.4)

“where IIJ'2 is the probability that the number of My messages is zero at a Markov point
and XTB(zy,zy) represents the joint PGF for the queue size of My messages and My
messages at the beginning of FB-period. Notice that Ag(zy)Bu(zg)/xu represents the
PGF for the number of My messages which arrive and leave the system in a slot. We derive
XFB(gy,zy) in the following. Each FB-period follows either C-period or V-period. In case
it follows C-period, at least one My message arrives during C-period. We define pc_rp
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as the probability that FB-period follows C-period in one Basic-cycle. On the other hand,
in case FB-period follows V-period, neither My message nor My message arrives during
C-period but at least one My message arrives during V-period. We define py_pp as the
probability that FB-period follows V-period in one Basic-cycle. From the above observation
they are given as

— Ag(0)
1-— AH(O An(0)
V (44(0)) (3:5)
1 —V< £ (0)An ()

The PGF X¥B(zy,zy) consists of CFB(zy,zy) if FB-period follows C-period while it
consists of VEB(z g, zy) if FB-period follows V-period. Therefore we have

pe-rp = {1 - C(Ar(0)An(0 ))}

Pv-FB = C(AH(O)AN(O))

XFB(py ay) = —LCFB  CFB(zy,an) + —2Y"FB _ VFB(zy,zx). (3.6
(@a, 2n) Pc-FB t+Pv_FB (@n,on) Pc-rFB +DPv_FB (@, 2n). (36)

Solving (3.4) and determining IIf® by the normalization condition ITF#(1) = 1, we have

1—(aH+/\H) XFB(SCH,].)—l

XFB ty — Ag(2)Bu(zn)

78 (xy) = Ap(zg)By(zy) (3.7)

where xrp is the mean number of My messages at the beginning of FB-period,

d;:i XFB(SL'H, 1) le:l.

3.2. Derivation of II°V (zy)
By taking Markov points at the end of GN-cycles, we have the following equation

GN(AN(.TN))BN(IL‘N)

N (3.8)
+ 9% o) — mign] SNAVEN) o),

TN

19V (zy) = TIEY XV (z)

where TI§V is the probability that the number of My messages is zero at a Markov point
and XN (zy) represents the PGF for the queue size of My messages at the beginning of
the first GN-cycle in one Basic-cycle. Notice that GN (An(zn))Bn(zn)/zy represents the
PGF for the number of My messages which arrive and leave the system in one GN-cycle.
We derive X“N(zy) in the following. From the beginning of Basic-cycle to the beginning
of the first GN-cycle in it, the system state changes in four ways.

[Case 1] C-period — GN-cycle

[Case 2] C-period — FB-period — GN-cycle

[Case 3] C-period — V-period — GN-cycle

[Case 4] C-period — V-period — FB-period — GN-cycle

We define pgy_1, -, pan_s as the probability that the first GN-cycle appears in the cor-
responding manner described above. We also define XV (zy),--- , XN (zy) as the PGF
for the number of My messages at the beginning of the first GN-cycle which appears in the
corresponding manner described above. In Case 1, no My message and at least one My
message arrives during the last slot in C-period. In Case 2, at least one My message arrives
during the last slot in C-period and at least one My message is in the queue at the end of
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FB-period. In Case 3, neither My nor My message arrives during C-period, but at least
one My message and no My message arrives during V-period. In Case 4, neither My nor
My message arrives during C-period, at least one My message arrives during V-period and
at least one My message is in the queue at the end of FB-period. From these observations
we have

pon-1 = {1 = C(A(0)An(0))} (1— An(0)) Ax(0)

1-Ap(0)An(0)

pan-s = {1- C(An(0)An(0)} -t {1

V(An(0)) — V(A (0)An(0))

CFB(O,(An(0)),0)},

pan—s = C(Ax(0)An(0))

~V(Ar(0)Ax(0))
po-s = C(An(0) v O) 1= s (1= VB s (Ax(0).0)},
(3.9)
and

GN An(zn) — An(0
X7 (zy) = (1——),4N(0)( )’
XV (zy) = CFB(Ow,1(An(zn)),zn) — CFB(Og,1(An(0)),0)

2 1 — CFB (04, (4x(0)),0) ’
X6 () — V(Ax(@n) —V (4x(0) (310)

3o —V(4ax(0))
XV () = VFB(Ou,(An(zn)),zn) — VFB(On,1 (AN (0)),0)

1— VFB(©g,(An(0)),0)
Finally we have

XN (zy) = Pan—1 X7V (@N) + pan—2XEN (@n) + Pan—3XSN (zn) + pan—a XTN (zN)
PGN-1+ PGN-2 + PGN—3 + PaN -4 .

(3.11)
Solving (3.8) and determining II§" by normalization condition IV (1) = 1, we have
1 — (an +0anAN) XN (zy) -1
T () = GN(An(zy)) B
( N) XGN I‘N—GN(AN(J;N))BN(.%N) ( N( N)) N(JTN)y
(3.12)

where xgn is the mean number of My messages at the beginning of the first GN-cycle,

EXGN(QUN) lzy=1, and gy is the mean number of slots in one GN-cycle, %GN(z) =1

3.3. Derivation of I (zy)

By adopting the end of each slot in BH-slot as a Markov point, we have the following
equation

B prAn(zn) — Ax(0) Ag(zx)Br(zx)
I @) = 19" =2 -
+ [HBH(xH) _ Hé}H] Ap(zr)Br(zn)

TH

(3.13)

7
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where [IJH is the probability that the number of My messages is zero at a Markov point.
Solving (3.13) and determining IIJ# by normalization condition IT8# (1) = 1, we have

_ 1—(0’H+)\H) AH(LEH)*l

HBH(SCH) Py ty — Ay(zy)Bg(zg)

Remark

Although we can derive the PGF for the number of messages at an arbitrary point, we
do not present the result due to the space limitation. IFZ(zy), N (zy) and ITPH (zy)
suffice to derive the waiting time distribution of an arbitrary message.

4. Waiting Time Analysis

In this section, we analyze the waiting time of the tagged message. To begin with, we
introduce My, ar, GT-cycle and TT-cycle in order to treat the case the tagged message
is of My type and the case the tagged message is of My type in a unified way. We call
those messages belonging to the same class of the tagged message M7 messages. That is
My messages correspond to My messages if the tagged message is My message and My
messages otherwise. Similarly we denote by ar, the parameter for retrial probabilities, ay
or ay according to the class of the tagged message. GT-cycle and TT-cycle are also defined
in this manner.

The tagged message is called waiting when it is in the system but not being served. We
define waiting slots as those slots in which the tagged message is waiting and serving slots
as those slots in which it is being served. Sojourn slots consist of waiting slots and serving
slots. The waiting time of the tagged message is expressed by the number of waiting slots.
We classify the waiting time into two types, initial delay and main delay. Initial delay starts
with the arrival of the tagged message and ends at the beginning of TT-cycle. Main delay
consists of the slots in TT-cycles aside from serving slots and the slots in the last GT-cycle.
In the following, the length of main delay in slots is considered.

4.1. Main Delay

First we introduce the following notation in order to make clear the structure of n-th TT-
cycle.

an; : the number of externally arriving My messages during the i-th GT-cycle in the
n-th TT-cycle
bn; : the number of internally arriving My messages (feedbacks) during the i-th

GT-cycle in the n-th TT-cycle

Sn; : the number of slots in the i-th GT-cycle in the n-th TT-cycle

d, : the number of GT-cycles in the n-th TT-cycle

¢n; - the number of other My messages present at the beginning of the i-th GT-cycle
in the n-th TT-cycle

wn; : the number of waiting slots at the beginning of the -th GT-cycle in the n-th
TT-cycle

gl, : the number of other Mt messages present at the beginning of the d,-th
GT-cycle in the n-th TT-cycle

wl, : the number of waiting slots at the beginning of the d,-th GT-cycle in the n-th
TT-cycle

See Figure 5. We define the probability p,i(k,!) as
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the slot M arrives
the last GT-cycle in which M is served

initial delay main delay (excluding serving slots)

.
L

.

1st TT-cycle | 2nd TT-cycle | = « [n-th TT-cycle | - = [last TT-cycle .7 ¢

’/_______/_J

a,+b,; M, is served
‘ \d
1st GT-cycle = = = | i-thGT-cycle (i+1)-st GT-cycle |~ = = | d,-th GT-cycle ’
! § A A 4 A ! § t
qn,1 qn,z qn,i qn,i+1 qn,i+2 qln
W1 Wno Wi Wh,ist Whise Wl

Figure 5: Structure of n-th TT-cycle

Pn,i(k,1) = Prob [dn > iy Wi =k, Gni = l].
From the total probability result,
pn7i+1 (kl, ll)

= Z ZPI‘Ob [dn > i+ 1’ Wn,it+1 = klan,i—}—l =1 l dn > 7:) Wnys = k:Qn,i = l}pn,z(kal)

k=0 [=0

(4.1)

The system remains in the n-th T'T-cycle at least one more GT-cycle if the tagged message is
not selected for service at the beginning of the i-th GT-cycle. This happens with probability
1/(1+1) if g, ; = I. Under this condition, gn ;41 =1 ifap; +bu; =0'—1+1. And wy ;41 = &'
if s,; = k' — k. From these observations one can show that

Prob[dn > i+ L Wni1 =K Guiyr =1 | dn > 6,005 =k, gn; = l}

l
=1 lProb [an,i +bp = =1+ 1,8, =k — k]. (4.2)

We define GT(z), Ar(zr) and Br(zz) as follows

GT(z) : the PGF for the number of slots in GT-cycle
Ar(zr) : the PGF for the number of externally arriving My messages in a slot
Br(zr) : the PGF for the number of internally arriving Mr messages in one GT-cycle.

After some algebraic manipulation, (4.1) and (4.2) yield

CT(Ar(@0) g (Hm (z,2r) — _f Hoi(zy dy) (4.3)

T
where H, ;(z, zr) is the joint PGF for the number of waiting slots and other Mr messages
at the beginning of the i-th GT-cycle in the n-th T-cycle along with the event that the :-th
GT-cycle exists in the n-th T-cycle (d,, > 1),

nzsz Zmeklsz

k=0 [=0

Hn g+1 (Z xT)
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The derivation of (4.3) is given in Appendix (A.1). Now, we define the probability p), ;(k, )
as
pln,i(kvl) = Prob [dn = 7:7wn,i - kv(Zn,i = l]

The relation between p,,;(k,l) and p}, ;(k,1) is

1
P (k1) = ——pni(k,1). .
Palk ) = pni(h, D) (14)

Next, we define I,;(z, zr), the joint PGF for the number of waiting slots and other My
messages at the beginning of the d,-th GT-cycle in the n-th TT-cycle along with the event
the i-th GT-cycle is the last GT-cycle in the n-th TT-cycle (d,, = i) as

nzszEii ’{IZZ.Z‘T

k=0 [=0

From (4.4), we get

1 *r
In,i(zaxT) - ;L'—;/() Hn,i(zay)dy' (45)

We define I,,(z, x7) as the joint PGF for the number of waiting slots and other Mr messages
at the beginning of the d,,-th GT-cycle in the n-th TT-cycle. This is easily given by summing
up [n,i(za xT)a

L(z,27) = Y > Probwl, = k,ql, =1]2F gk = > Ii(z, 1), (4.6)
k=0 =0 =0

From (4.3) and (4.5), one can derive

0
In(z, Z'T) + (LL'T — GT(ZAT(Z‘T))BT(:ET)) e
The derivation of (4.7) is described in Appendix (A.2).
On the condition that the tagged message requires more than n slots of service, no
message leaves the system at the end of the (n — 1)-st TT-cycle. Therefore H, (z,zr) is
given by

I,(z,z7) = Hp1 (2, o7). (4.7)

Hoi(2,21) = GTeren); oer) (n22) (4.8)
U(z,z7) (n=1),

where U(z, zr) is the joint PGF for the number of waiting slots and other M7 messages at
the beginning of the first TT-cycle. We define I(z,z7) as the joint PGF for the number
of waiting slots and other My messages at the beginning of GT-cycle in which the tagged
message is served. Since the number of packets in M7 message is geometrically distributed
with parameter ar, I(z,zr) is given as,

[e.]

I(z,z7) = Z(l — ar)ay (2, zr).

n=1
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From (4.7) and (4.8), we have the differential equation for I(z, zr),

{1 0, OT (zAr(a1))

oxr
(1 - ar)U(z,z7).

The derivation of (4.9) is explained in more detail in Appendix (A.3).
4.2. Initial Delay

In this section we consider events in initial delay slots for each type of messages classified
according to the system state the tagged message observes upon arrival, and obtain the
appropriate form of U(z, zr) in (4.9) for them.

4.2.1. Initial Delay of the Tagged High-Priority Message

By conditioning the system state which the tagged My message observes upon arrival, we
consider the waiting time of My message in five different cases. We denote My messages
which arrive to the system in C-period as M§, V-period as M};, FB-period as ME?, BN-
slots as MEN, BH-slots as MEH. We define Uc y(z,zn) as the joint PGF for the number
of waiting slots of. the tagged Mg message and the number of other My messages at the
beginning of the first TH-cycle. Since the first TH-cycle for the tagged Mg message begins
immediately after its arrival, Uc g (2, zH) does not contain variable z. However we adopt
the expression Ug g (z, zg) to unify the notation. Uv g (2, ), Urp,u(2,z), Upn,u(2, ), and
Upm u(z, ). are defined similarly. Notice that GT(z) = z for any My message. First we
define Ly (zy) as the PGF for the number of other My messages which arrive to the system
during the same slot as the tagged My message. It is given as

d
= AH(!IJH)
Ly(zg) = LI_L./\____.

H

The derivation of (4.10) is shown in Appendix (A.4). The first TH-cycle for the tagged M§
message begins at the next slot after its arrival and other My messages in the queue at that
time correspond to those arriving to the system in the same slot as the tagged My message.
Therefore we have

UC,H(Z,I‘H) :LH(LUH). (4.11)

z

} I(z,z7) + (z7 — GT (2Ar(21)) Br(zr)) il(z’mT) - (4.9)

(4.10)

The tagged M}; message has to wait until the vacation ends. To begin with, we define
Z_ and Z, as the number of slots in a vacation already elapsed and remaining at the time
the tagged message arrives. (The slot in which the tagged message arrives belongs to neither
of them.) Let Vi(z_,z,) be the PGF for Z_ and Z,, and we can derive it as

1 V() - V()
LV(2) =1 24—z

V:{:(Z_, Z+) = (4.12)
The derivation of (4.12) is explained in Appendix (A.5). Substituting Ay(zg) for z_ and
zAg(zg) for z, yields the joint PGF for the number of other My messages which arrive to
the system during the vacation excluding the slot in which the tagged M}, message arrives
and the number of waiting slots at the end of the vacation. Taking into account the messages
arriving in the same slot as the tagged message, we have

o) = 1 V(Ag(zr)) - V(2An(zn))
Uv.n(z,20) £V(@) = (Au(on) — zAn(on))
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For the tagged M 5P message, the number of waiting slots at the beginning of the first
TH-cycle is zero. To find the number of other messages at the beginning of the next slot after
arrival, we define 11"~ (zy) as the PGF for the number of My messages at the beginning
of FB-slots aside from the My message which is going to be served.

The My messages which are in the system at the end of FB-slot consist of those having
been in the system at the beginning of the FB-slot aside from the My message which is
going to be served, those externally arriving to the system in the slot and those internally
arriving. The number of them is distributed as II"2~(zy), Ag(zx) and By (xg). Thus we
have

HFB*(IH)AH(QZH)BH(QTH) = HFB($H). (414)
From which we have Upp g(2,zg) as

HFB(CL'H)

Urp,u(z,2n) = " (zr)Lu(zn)Bu(or) = m

Lu(zm). (4.15)

Note: I1F5(zy) is given by (3.7) in Section 3.
For MEY and MJB¥ we can make an argument similar to those for M§ and Mf”
respectively. Then we get

Upnu(2,78) = Ly(zn) (4.16)
and
UBH,H(Z,JZ'H) = EA;H(%LH(IH) (417)

Note: [T18# (zy) is given by (3.14) in Section 3.

4.2.2. Initial Delay of the Tagged Normal-Priority Message

By conditioning on the system state that an arriving My message observes, we consider
its initial delay in four cases. When My message arrives to the system during C-period, it
is classified as M message. We denote My messages which arrive to the system during
V-period as MY, FB-period as M%Z, GN-cycles as MG".

In the following we derive the joint PGF for the number of waiting slots of the tagged
M§ (MY, MEP, MGYN) message and the number of other My messages at the beginning of
the first TN-cycle, Uc (2, 2n) (Uvn(2,2n), Upsn(2,2n), Usn (2, xN)) For the tagged
M§ message, the first TN-cycle begins after FB-period initiated by My messages which
arrive in the same slot as the tagged M message ends. The number of such My messages
is distributed as Ay (zg). Therefore the number of waiting slots and the number of My
messages which arrive during the FB-period is distributed as Ag (@1(zAH(xH))) at the
beginning of the first TN-cycle. We define Ly (zy) as the PGF for the number of messages
which arrive to the system in the same slot as the tagged My message. Ly(zy) is derived
by the similar argument to (4.10) and it is given as

-—d-—AN(.’L‘N)

L(an) = &2 (4.18)
N
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Using (4.18), we have

UC’N(Z,SL‘N) :AH(el(ZAN(:L'N)))LN(ZEN). (419)

To find Uy, y (2, Zn), let us introduce the joint PGF VE(z, g, zy) for the number of waiting
slots and the queue size of each class at the end of a vacation. By a similar argument to
(4.13), we have

AH(.’EH)LN(ZIIN).
(4.20)

_ 1 V(AH(xH)AN(xN)) - V(ZAH(HSH)AN(ﬂﬂN))
VB2 28) = T3 A(am) An(on) — 2An(am) An (on)

The number of waiting slots is increased by one and the number of My messages is increased
by the number distributed as Ay(zy) in every FB-slot. Thus we substitute ©; (zAx(z))
for zg in VE(z,zy,zy) and get

UV,N(Z,Z'N) ZVE(Z, @H,l(zAN(xN)),xN). (4.21)

Next we consider the tagged M%P message. In this case, the numbers of My messages
and My messages are distributed as X*?(z g, zy) at the beginning of FB-period. The PGF
for the number of waiting slots and other My messages at the end of the FB-period, which
corresponds to Upp n(2,Zn), is given by
XFB (@H,l (AN(LEN)),SEN) — XFB(@HJ (ZAN(J)N)),J)N) LN(:L'N)

Ouaxre(l —2) An(zn)
where 0 is the mean number of slots the server spends before it serves all My messages
in the queue on the condition that one My message exists in the system at the beginning
of a slot, j—z@H,l(z) |.=1- The derivation of (4.22) is described in detail in Appendix (A.6).
For the tagged MY message, we can make a similar argument to (4.13) and (4.15), and
have

UrB,n(2,TN) = (4.22)

HGN(IL'N) GN(AN(LL'N)) - GN(ZAN(.TN))
GGNGN(AN(JJ)) AN(QL‘N) - ZAN(.’L'N)

Uen,n(2,TN) = Ly(zn). (4.23)

Note: 1V (zy) is given by (3.12) in Section 3.

4.3. Unconditional Waiting Time

In the following subsections, we derive the unconditional U(z, z) for Mg messages and My
messages. To do so, we first obtain the probabilities that the system is in each period and
cycle introduced in Section 2.1, at a random point in time. Since we assume the number
of My and My messages which arrive to the system in a slot is distributed identically and
independently from slot to slot, we can derive the unconditional waiting time from the above
probabilities.

4.3.1. Mean Number of Slots in Each Period and Cycle

We define C(2) as the number of slots in C-period. C-period ends in two ways,

[Case 1] Upon messages arrivals(including the case Close-time ends at the same time)
[Case 2] Close-time ends

In Case 1, the number of slots in C-period is k when the following three events happens.
There is no message arrives in the 1-st, ---, (k — 1)-st slots in C-period, My messages or
My messages arrive in the k-th slot and close-time does not ends by k-th slots in C-period.
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On the other hand in Case 2 the number of slots in C-period is & when there is no message
arrives in 1-st, - --, k-th slots and close-time ends k-th slots. From above observations, we
have

Prob[the number of slots in C-period is k|

= (AH(O)A;V(O)) (1 — Ag(0)Ay (1 — Zq) AN(O)) k. (4.24)

l=

where ¢; is the probability that the number of slots in close-time is [, 2(:£)!C(z) |,=. From

(4.24), we have

7['

(1 — An(0)An(0))2
1-— ZAH(O)AN(O)
The derivation of (4.25) is in Appendix(A.7). The mean number of slots in C-period, Ng,

is given as

CL(Z) =

(1 - C(2Au(0)ANn(0))) + C(2Ax(0)ANn(0)). (4.25)

d 1 - C(Ar(0)An(0))

Ne = —-Cu(2) lm= —— An(0)An(0)

We define V7,(2) as the number of slots in V-period. This is given as
—V(24r(0)An(0))

The derivation of (4.26) is in Appendix(A.8). The mean number of slots in V-period, Ny,
is given as

Vi(z) = (4.26)

d vV,
Ny = —V) —1= = .
v =@ == o V (Ax(0)AN(0))
where V,,, is the mean number of slots in a vacation
~in FB-period, Ngpg, is given as

d
NFB == Zi—Z‘XFB((‘)H,l(Z),l)lzzl .

, 2V (2) |,=1. The mean number of slots

The mean number of slots in GN-cycles in one Basic-cycle, Ny, is given as

d
Ngny = EXGN (@N,l (Z)) =1

where Oy 1(z) is the PGF for the number of slots the server spends before it serves all My
and My messages in the queue on the condition that no My message and one My message
exists in the system at the beginning of a slot. This is given by the similar argument to

On,1(2),
@N,l(z) = GN (ZAN (@N,l (Z)))BN (@N,l(z)).

The mean number of BN-slots in one Basic-cycle, Ny, corresponds to the number of My
messages served in one Basic-cycle. This is given by Ngn/0cn. Since GN-cycles consist of
BH-slots and BN-slots, the mean number of BN-slots in one Basic-cycle Ngg is given by
Ngn — Npn-

We next consider Ng¢, the mean number of slots in one Basic-cycle. From the beginning
of Basic-cycle to the beginning of the next Basic-cycle, the system state changes in six ways.
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[Case 1] C-period — GN-cycle — end

[Case 2] C-period — FB-period — GN-cycle — end

[Case 3] C-period — V-period — GN-cycle — end

[Case 4] C-period — V-period — FB-period — GN-cycle — end

[Case 5] C-period — FB-period — end

[Case 6] C-period — V-period — FB-period — end

We define ppc_1,- - - ,PBc—6 as the probability that the system state changes in the corre-
sponding manner described above. The probabilities pgc—1,: - ,pBc—4 consist with
PGN—1,""* ,PaN—4 defined in Section 3, and ppc_5 and ppc—¢ are given as

peo—s = {1 - C(4u(0)Ax(0))} 5 f;ﬁﬁ’fﬁ(m

1 -V (Ax(0))
1 -V (Ar(0)An(0))

CFB (0, (An(0)),0)
(4.27)

PBc-6 = C(AH(O)AN(O)) VFB (6;1,1 (AN(O))7O)'

Using these results, we have

Npc = N¢ + Prob| V-period exists in Basic-cycle] Ny
+ Prob[ FB-period exists in Basic-cycle] Nrpp + Prob[ GN-cycles exist in Basic-cycle] Ngy
= N¢ + (pBc-3 + PBC—4 + PBC—6) NV + (PBC-2 + PBC~4 + PBC—5 + PBC—6) NFB

+ (pBc—1 + PBC—2 + PBC—3 + PBC—4)NGN .-
(4.28)

4.3.2. System State at Random Points in Time

Since those epochs when the system becomes empty, the beginnings of Basic-cycle, are regen-
erative points, we can obtain the probabilities that the system is in each period and cycle at
a random point in time, Prob[C-period], Prob[V-period}, Prob[FB-period], Prob[GN-cycles],
Prob[BN-slots] and Prob[BH-slots] as (sec. 6.4 in Heyman and Sobel [4])

N¢

Prob[C-period] = I
BC

. N
Prob[V-period] = N—VC(pBC—3 + PBc—4 + DBC—6)
B

. N

Prob[FB-period] = ‘JVFE(PBC—z + PBC-4 + PBC-5 + PBC—6)
Moo (4.29)

Prob[GN-cycles] = Z—VZ—JZ(LDBCq + pBc—2 +PBC-3 + PBC-4)

Npn

Prob[BN-slots] = Npo (PBO-1 + PBC—2 + PBC-3 + PBC—-1)

N .
Prob[BH-slots] = N}Zg (PBC-1 + PBC_2 + PBC—3 + PBC-4).

4.3.3. Differential Equation for Unconditional Waiting Time Analysis
We can derive the unconditional U(z, z) for My messages, Ug(z,zx), as
Un(z,zg) = Prob[C-period|Uc g (2, zg) + Prob[V-period|Uy g (2, x)
+ Prob[F'B-period|Urp, g (2, zg) + Prob[BN-slots|Ugn g (2, 2 rr) (4.30)
+ Prob[BH-slots|Upw,u(z, 2 )
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and the unconditional U(z, z) for My messages, Uy (z,zy), as

Un(z,zn) = Prob[C-period|Ue n (2, zn) + Prob[V-period|Uy, y (2, zn)

4.31
+ Prob[FB-period|Upg n (2, zn) + Prob[GN-cycles|Ugn n (2, ). (4.31)

From (4.30), (4.31) and (4.9), we have the differential equation for the PGF for the number
of waiting slots and the number of other messages at the beginning of the last GH- or GN-
cycle, Ig(z,zg) and In(z,zN), as

z TH

GH(zAp(zg
{1~aH H( ( ))}IH(z,mH)—i—(zH——GH(zAH(zH))BH(mH))b—?——[H(z,xH):

(1 —ay)Ug(z,zx).
(4.32)

and

a.TN

(1 - OJN)UN(Z, .’EN).
(4.33)

{1 —ay GN(ziN(xN)) } In(z,zN) + (xN - GN(ZAN(.TN))BN(JSN))—a——IN(Z,:EN) =

4.4. Mean Waiting Time

In this section, we derive the mean waiting time for My messages. Differentiating (4.32) by
zg and substituting z =z =1 yield

5, (1 — an)3ZU(2,%0) |smop=1 +oria
—1T gy =] = TH . 4.34
a.Z'H H(Z,ZL'H)J =er=l 2—/\H—2aH ( 3 )
Differentiating (4.32) by z and substituting z = zg = 1 yield
a 'aziIH(z7$H) Iz:.’L‘H=1
ng(Z, TH) |l=gg=1= EEU(Z,I'H) P— = T an . (4.35)

Since we have U(z,zy) explicitly, we can obtain the mean waiting time for My messages,
(:%IH(z,xH) lz=zy=1, from (4.34) and (4.35). Higher moments of the waiting time are ob-
tained in a similar way.

5. Numerical Results

In this section, we present some numerical results using commercially available mathematical
software Maple V RJ.

Under the following scenario, we have plotted the mean waiting times for My messages
in Figure 6 and those for My messages in Figure 7 as a function of the length of close-time
C for different lengths of vacation V.

o Ay(zy) =0.9+0.02z5 + 0.022% + 0.02z% + 0.02z% + 0.027%

e Ax(zy) = 0.9 +0.02zy + 0.022% + 0.02z% + 0.02z% + 0.02z%,

® ag = ay = 0.25.
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In Figure 6, we observe that the mean waiting times for My messages get shorter as C
increases in general but that it behaves in a different way for V = 1. This comes from the
fact that our system is reduced to a priority system with neither close-time nor vacations
under V' =1 and the length of close-time in no way affects the behavior of the system. The
similar argument holds in Figure 7 except that the mean waiting times for My messages
are much higher than those for My messages.

In Figure 8, we have plotted the mean waiting times for My messages as a function of
C under the following scenario.

e An(zy) =09+ 0.02zy + 0.022% + 0.0223; + 0.02z%, + 0.02z%

e g =ay =0.25

e V=10

0.9 + 0.02zx + 0.02z% + 0.022%; + 0.02z% + 0.02z% Case 1
o Au(zy) =14 0.95+ 0.0lzg + 0.01z% + 0.01z% + 0.01z% + 0.01z%; Case 2

0.99 + 0.002z 5 + 0.002z% + 0.002z3%; + 0.002z% + 0.002z% Case 3.
We observe that the mean waiting times for My messages get shorter as C increases in
general, and those for different Ay (zy) are plotted in reverse order at C = 1 and C' = 1000.
This comes from the fact in the following. When C is very large, the occurrence of vacations
is rare. The mean waiting times get longer as the number of arriving My messages becomes
larger. On the other hand, when C is not very large, the appearance of vacations is less
rare. As the probability that no Mg message arrives in a slot becomes larger, the probability
that close-time expires increases. This leads to frequent occurrence of vacation periods and
increase in the mean waiting time. The similar phenomenon is also reported in [9].
In Figure 9, we have plotted the mean waiting times for My messages as a function of
C under the following scenario.
e Ag(zy)=0.9+0.02z5 + 0.02z% + 0.02z% + 0.02z%; + 0.0223,
® Oy = 0N — 0.25
e V=10
0.99 + 0.002z 5 + 0.002z% + 0.002z3; + 0.002z4% + 0.00223, Case 1
o An(zn) =4 0.95+ 0.01zy + 0.01z% + 0.01z% + 0.01z% + 0.01z%, Case 2

0.9 + 0.02zy + 0.02z% + 0.02z%, + 0.02z% + 0.02z%, Case 3.
Performance measures of high-priority-messages are not affected by the behavior of the
normal-priority-messages in preemptive service discipline generally. In our system, however,
close-time tends to be suspended by arrivals of My messages and vacation period less
frequently occurs. Therefore, as the arrival rate of My messages becomes higher the mean
waiting time for My messages becomes lower.

Remark

For a special case C' = 0, our numerical results are found to be coincident with that
under FCFS in [11].
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A. Appendix
A.1. Derivation of equation (4.3)
We begin with equation

Paira (K1) =)

k=0 1

l
mpn,i(k, l)PI‘Ob [Si = kl - k, a; + bz - ll -1+ 1] . (Al)

[M]s

il
o

By summing up (A. 1), we have

Zzpmﬂ K1)z ’-’Er}

=01l'=0
0o

1 =
= ar 2 2 Ptk D
T 50 1=0 [+1
x Z Y. Problsi =k —ka;+b =1'— 1+ 1)zF Rl (A2)
—k=00'-I4+1=0

The Lh.s of (A.2) equals H, i11(2, o7) and the r.h.s of (A.2) is considered in the following.
z‘”:i —Lpn (k, 1) zF 2}
l+ 1 " T

oo oo 1
= ZZ (1 — m) Prilk, 1) 2Fzh = H,:(z,z7) / H,i(z,y)dy. (A.3)

On the condition s; = k' — k, the PGF for the number of My messages which arrive in the
i-th GT-cycle is given by (AT(xT))k _kBT(.’L‘T). Therefore

o0

Z Z Prob [Si = kil - k, a; + bz = l, —1 + 1] Zk,wkxgw_H—l = GT(ZAT(IL'T))BT(.’ET)

K —k=01'—1+1=0

(A.4)
From (A.3) and (A.4), we have
GT(zA B
Hn,i+1(zu xT) = (z T(ET)) T(:L'T) (an Z, xT / an Z y dy)
T
A.2. Derivation of equation (4.7)
From equation(4.5) one can derive
aI(x) lH(za: /sz) (A.5)
A 1n,il%, n,g - n,i .
oz ™ T o y)ay
and
Hyi(z, 07) = o (wrlsl(z, 00)) = Lns(z,27) + 20— Iy s(2, 27). (A.6)
N\~ aIL'T 1,1\~ , ) 8.’ET RACS)
Substituting (A.5) and (A.6) into (4.3) yields
0 0
L1z, 07) + 20— 1Inin1 (2, 2r) = GT(2A7(27)) Br(zr) = Ii(2, 27). (A.7)
8.’17{[’ aZCT
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Summing up (A.7) for ¢ > 1 and

ai—TIn,l(z, ffT) = Hn,1(Z, xT)a

In,l (Z, LET) —+ x7
yields

I.(z,zr) + GT (mT - (zA(xT))B(xT))-é—g—;In(z,xT) = H, (2, z7).

A.3. Derivation of equation (4.9)
From (4.7) and (4.8), we have the following set of equations.

Ii(z,z7) + (zr — GT(2A(z1)) B(z1)) -ifl(z,a:T) = U(z,zr)

BLET
L(z,z7) + (xT — GT(zA(:rT))B( ))g%fg(z zTT) = G—ﬂ?—é—(ivT—)) (2, z7)
Ii(z,z7) + (z7 — GT(zA(xT))B(xT))g(z—TIg,(z,xT) = G—T(Z—I—:E—Q—:T—))Iz(z, zT)

We multiply o' (1—ar) on the both sides of the i-th equation and sum up all the equations.
Then we have

I(z,z7) + (zr — GT(2A(zr)) B(zr)) —B——I(z, zT)

83:T _
= CMT—(?'—I(Z{—?(ETHI(Z,Z'T) + (1 - OZT)U(Z, ZET)

Then (4.9) follows.
A.4. Derivation of equation (4.10)

We denote by L the number of other My messages which arrive to the system during the
same slot as the tagged My message and by ay the number of new arrivals of My messages
in a slot. From the idea of number-biased sampling, we have

Prob[L =] « (I 4+ 1)Problag = [ + 1].
Therefore

(I 4 1)Problag =1 + 1] _ (I4+1)Problag =1 +1]
> oo ((k+ 1)Problag = k+1]) %AH(J;H) |z =1

Prob[L =[] =

Finally we have

(I+ )Prob[aH =1+1] , i An (Tw)
(z Prob[L =1 = T, = —H _—— _°
H) Z ] Ty lz; de AH (xH) |3;H ) H )\H
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A.5. Derivation of equation (4.12)
We define v(z) as the probability distribution of the number of slots in a vacation.

Vi(z_,2y) = Z Z Prob[Z_ =1,Z, = m](z_)"(z)™

=0 m=0

where

B o v(l+m+1) v(l4+m+1)
ProblZ= b2 =ml = S o)~ £V ot

A.6. Derivation of equation (4.22)
We define Opp 4, 4y (2) as the PGF for the number of slots in FB-period on the condition
that the number of My messages is gy and the number of My messages is gy at the
beginning of FB-period. This is given by

OFB,gman(7) =(Om1(2))™.

By a similar argument to (4.13), Urp n,gy.qn (2, Tn), the number of waiting slots of the
tagged message which arrives to the system during this FB-period and other My messages
at the end of FB-period under this condition, is given as

UFB7N’qH7qN (Z’ IN)

1 OrB.gman (AN (2N)) —OrB.gn oy (24n (@n))
—_ k) ) , y L qN
i@FBﬂH,qN (Z) |Z=1 AN(-’L‘N) — ZAN(];N) N(‘IL‘N){:L‘N}

1 {On1(An(zn)) } " {an} " —{Om1 (2An (zn)) } * {zn}™™
= LN(.TN) .
qu - Om, AN(-TN) — zAn(zN)
Since probability which the tagged My message arrives during FB-period having begun with
gn My messages and gy My messages is directly proportional to gz x Problgy =1, qn = &,

we have

Urp,N(2,ZN)

o oo 1 {omi(av@n) } et -{oms (ranen) } en)* L
_ D120 2h=0 0m1 An @n)—2AN (ZN) Ly(zw)IProblgy =1, qn = k]

Yoo D oneo lProblgy =1, qn = K]
1 XPB(Opi(An(zy)),zn) — XFP(On, (24N (2N)), 2N) Ly(zn)
OH,1XFB 1-2 An(zn)
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A.7. Derivation of equation (4.25)

CrL(z) = Z Prob[the number of slots in C-period is k]2*

. Z(AH(O)AN(O)) (1 - Ag(0)ANn(0)) (1 — Z—: cl> 2F+ Z(AH( JAN( ))kckz
- ;‘g)ﬁfg) ;0) ;(AH(O)AN(O))kz’“
! ;;4(%5(/)1)?(]5;0) 3" (Ar(0)An(0))* i azf + (Ar(0)Ax(0)) cxz
Here
Z(AH(O)AN(O))kzk = iéi(Hzo) (]820)
> (4n(0)An(©) et = - f‘ij(Hz“l)N(oz 50 (ARO AN (D),
Z (0)An(0)) Fopet = = C(zAr(0)An(0)).

Finally we have

(1_AH() ()) (

Cr(2) = 1= zAp(0)Ax(0)

— C(24r(0)An(0))) + C(24r(0)An(0)).

A.8. Derivation of equation (4.26)

We define v; as the probability that the number of slots in a vacation is [. The PGF for
the number of slots in a vacation along with the event no message arrives in the vacation,

Vio arrival(z) is given by
Vao arrival(z) = UlAH(O)AN(O)Z + V9 (fht[(())AN(O))Zz2 + vy (AH(O)AN(O))323

Then the PGF for the number of slots in a vacation along with the event messages arrive
in the period is given by

Finally we have,

_V(2) = V (24r(0)Ax(0))
—V(24r(0)Ax(0))
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