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Abstract We consider an M/GI/1/N queue with vacation time and exhaustive service discipline. We
show that the embedded Markov chain formed by the customer departure epochs makes the analysis simple
and it enables us to find an explicit solution for the server-vacation queue. We also find an explicit solution
for the ordinary (non-vacation) queue.

1. Introduction

The time division multiple access (TDMA) scheme is practical in the areas of communi-
cations. Communication engineers frequently encounter a teletraffic issue how to design a
buffer capacity in the TDMA environment (see Stuck and Arthurs [17]). The issue then
necessiates a single-server finite capacity queue with vacation time and ezhaustive service
discipline.

By vacation time, we mean that the server becomes unavailable for occasional intervals
of time, and by exhaustive we mean that customers are served continuously until there is
no customer in the system (see Doshi [5], and Takagi [18]). The vacation time corresponds
to a constant slotted time period in the TDMA system.

Under the exhaustive vacation policy, the well known stochastic decomposition formula
(see Doshi [15], Fuhrmann and Cooper [8], Kroese and Schmidt [10] and Miyazawa [15])
will be useful for an infinite capacity queue. However, if we would like to evaluate the loss
probability we have to treat a finite capacity system rather than infinite capacity systems.

Assuming Poisson input and a finite capacity queue Lee [11, 12] already provided a nu-
merical algorithm for this system via the standard embedded Markov chain technique. As
the embedded points, he took the service completion epochs and server vacation comple-
tion epochs. To obtain the queue length distribution at an arbitrary time, he applied the
supplementary variable technique and the sample biasing technique.

Here, we treat the same queueing system as in Lee [11] but present a simpler analysis
than Lee’s. We show that service completion epochs are enough for the queue length to
form an embedded Markov chain (server vacation completion epochs are redundant). This
simpler analysis enables us to find an explicit solution for the steady-state queue length
distribution. To the best of the authors’ knowledge, there are no results on the explicit
solution for finite capacity queues. A main contribution of the paper is then to provide
the explicit solution. Combining a couple of simple qualitative results, we straightforwardly

*This work was performed while the first author was a Post-Doctoral Fellow at the NTT Multimedia
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obtain the queue length distribution at an arbitrary time from which engineers can evaluate
their most interesting performance measures.

This paper is organized as follows. Section 2 describes the queueing model and introduces
the notation. In Section 3, we derive a recursive scheme for the steady-state queue-length
distribution at departure epochs. Note that as embedded Markov chain, we use only the
departure epochs (as opposed to both departure and vacation completion epochs by Lee
[11]), and this simplification leads to an explicit solution for the queue length distribution
at departure epochs. Section 4 gives a probabilistic argument to obtain the steady-state
queue length distribution at an arbitrary epoch. In the last seciton we give some concluding
remarks, including our results for an infinite capacity queue and an ordinary (non-vacation)
queue, by taking the limits.

2. The model
We consider an M/GI/1/N queue, where the input process is Poissonian with rate ), the
service times form a sequence of i.i.d. random variables with distribution function S(z) and
N equals the number of waiting places in the queue, including the space for the customer
that may be in service. We assume that accepted customers by the system are served by
a single server exhaustively, i.e. the server serves the queue continuously until the queue
is empty, where a customer is accepted by the system if the number of customers in the
system is less than N. Whenever the queue becomes empty the server starts a vacation with
distribution function V(z). If the queue is still empty upon his return, he takes another
independent vacation with distribution function V(z). We assume furtheron that the service
discipline is non-preemptive and the service order is FIFO.

By f; and h; we denote the probabilities that j customers arrive during a service time
S and a vacation time V', respectively. Hence

0o )\.’Ej
fi= [T B e s, =0, )

By idle period we denote the time between the time instant when the system becomes empty
and the time instant when the server starts service again. The probability that j customers
arrive (and are accepted) during such an idle period will be denoted by ¢; and is given by

0 hs '
¢; =3 (ho)'hj=—"—, j=1,---N-1

=0 1—hy

= e By ®)

=0 — 10
where -

hy = Z h;.
J=N

Furtheron we define g; by

gszky k=07273""3
an=fi—-1
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and ¢ by

c = pi1go — 1,
k+1
&= Qighoi1 +or, 1<k N-2

i=1

3. The queue length distribution at a departure epoch

By 7j,7 =0,+--, N — 1, we denote the steady state probability that j customers are left in
the system at a departure epoch of a customer, i.e. if to,%,- - - are the departure epochs of
the customers and L, is the number of customers in the system at time instant ¢, then

Wj:Ai_I;%OP(Lim:j)v J=0,---,N-L

It is easy to see, that 7; satisfy the following equations

k+1

CxTo + ng+1—i7ri:0, 0<E<N-=-2 (4)
=1
and the normalization condition Yol
Y mi=1 (5)
7=0

Remark 3.1 The above described departure-epoch embedded Markov chain was consid-
ered for infinite capacity queues in Cooper [3].

Remark 3.2 In Lee [11], where also vacation completion epochs are considered, the prob-
abilities p; and g; were defined as

pj:Tr}i_E%oP(Ltm:j7£tm:1)’ .7= 7"'7N_17
0)’ jZO""vNa

i

q; = TAI_I}%OP(Ltm :jaftm

where & = 0 or 1 corresponding to whether ¢ is a vacation completion epoch (¢ = 0) or a
service completion epoch (& = 1). The probabilities 7; are different from the probabilities
p;j- It can be shown that the relationship is given by

Trj:N_]_)f > .7:077N’_1 (6)
ZPi

=0

As an example consider the case N = 2. In the setting of Lee [11] in order to obtain the
queue length at a departure epoch the following set of equations has to be solved.

po=fo(pr+ @), Pr=0—-fo)lpr+q)+ ¢
gdo =ho(po+ @), ¢r=hi(po+q), @=1—po—pi—q—q

whereas in our case only the set
como + gom1 = 0, To+m =1

has to be solved.
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We will solve equations (4) and (5) explicitly in the sequel.

Lemma 3.1 Ii holds that
___\N-1
o = 3 ( 90) (7)

(—g0)N " en_1_ja; 4 (—go)V
i=1

with

a; = ].._,
n—1

a, = (—go)n—l + Z(—_g())n i Zg’n. ia4, 2 S n S N —1. | (8)

i=1
Proof: From equation (4) for k = N — 2 and equation (5) one can eliminate 7y_;. Hence
the new set of equations writes as

k+1

o+ Y. Grt1—imi =0, 0<k< N -3, 9)
=1
N-3
(env—2a1 + (—g0))mo + Z (gn-1-ia1 + (—go))mi + a2mn—2 = (—go). (10)

=1
After n eliminations the equations (4) have the following form:

k+1
CkWo+ng+1-m =0, 0<k<N-2-n, (11)

=1

(Xn: —g0)" en—1-ja; + (— go))

N—-2—n
+ Z (Z( gO 77. JgN—z—]a] +( gO)n) m; + Ap g1 TN -1—n = ("'gO)n (12)
=1 i=1

This can be shown by induction on n, where n = 1 is given by (9) and (10). For n — 1 one
has the equations

k1
o+ ) Gkp1-im; = 0, 0<k<N-1-n, (13)

i=1

(ni(‘.%)n_l_ch—l—jaj + (—90)n_1> m

j=1

N—-1-n [n-1
+ Z (Z Yt TN —ia; + (—g0)"” )7r,—+an7rN__n = (—go)”_l. (14)

=1 =1

Multiplying (14) by (—go) and adding to (13) multiplies by a,, for k = N — 1 —n yields (12).
Hence after N — 1 manipulations one gets the remaining two equations

CoTo -|- gom = 0.,

N-2
(Z(_QO)N~2-]CN—1—jaj + (—go)~ ) To + an-1m1 = (—go)" *

j=1

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



434 A. Frey & Y. Takahashi

from which the assertion follows. O

Lemma 3.2 The coefficients a;, defined recursively by (8), are explicitly obtained as

a]_ = 1, (15)
n—1

an = Z(_go)n—J_l Z g5, """ 965 n 22, (16)
j:O JEAJSH—I

J

where Afk is the set of all j-tuples § = (8y,+-,0;) with & € N (1 = 1,-++,7j), d i<k

=1
for each k > j > 1 and > gs, =1 for each k > 0. By N we denote the set of natural
seAsk

numbers, i.e. N = {1,2,---}.

Example 3.1 In order to make the definition of AJ-Sk clear, we will give two examples:

A5t = {(1,1),(1,2),(1,3),(2,1),(2,2), (3, )},
A5t = {(1,1,1),(1,1,2),(1,2,1),(2,1,1)}.

Proof of Lemma 3.2: (by induction on n)

For n = 2:
2-1 ‘ 1 .
ag = Y (=g0)* 1 Y0 g5 rg5, = (=90)" D g5+ (—90) > 9
=0

<2-1 <1 <1
SeAS SeAS S€A;

= (—g0) + 51 = (—g0) + q1a1.

For a, one gets

n—1
apn = Z(_QO)n -1 1gn—za1 + ("gO)n_l
=1
n—1 ) 1 1
= Z(—go)"_l_"gn-zz > g5 95,(—90) 7+ (—go)
=1 j= OJEAf‘
n—2 n—1 ) )
=3 3 Gu-i(=90)"*7 DY 9595t (—90)"
j=0 i=j+1 JeAjgi—l
n—2 n—j—1 )
=Y (—go)" g Y, s 95+(—90)"
J=0 =1 5€A]$n—i—l
n—2 ) i
= > (—go)" * Z g5, 95,41 + (—90)"
n—1 L 1
=3 > g5 95(=9)"" " +(—9)"
=1 seasn!
2
= Z S gs o 9s,(—g0)
: 5€A<n 1
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Lemma 3.3 [t holds that

where Bjsk is the set of all j-tuples § = (61,---,8;) with & € No

o =

(—go)V 1

N-1

Yo (=g)V Y

=0

<N-2
5EBJ'—

€595, " " 95

)
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(17)

NU{0}, & € N

J
(1=2,---,7), 2.8 <k foreachk>3—1>0and > c5 =1 for each k> 0.

=1

seBsF

Proof: Combining Lemma 3.1 and Lemma 3.2 one gets

7r0—1(“90

)N-—l

N-1

i=1
N-1

= > (—g0)" " eno1-ja; + (—go)¥ !

=0 56A2<_j—1

. j=1 o
S (=go) i enoioi D Y g5 95 (—90) T+ (—go)V !

o doen-imi D g5 a(=g0)N I+ (—g0)N T
]=

seAS !

;g5 95;(—g0) Y 2 + (—go)V !

=0 seagh-

Tt g5i+1(_go)N_2_i + (—QO)N—l

g5 (—go)N T+ (—go) !

*9gs; (—"gO)N—l_i-

Lemma 3.4 Forl <n < N —1 it holds that

wﬁere Bfk is the set of all j-tuples § = (61,---,6;) with &, € Ny, §; € N (1 =2

Ty =

J
Z&izkforeacthj—l.

=1

Proof: (by induction on n)

n

D(=90)" DD cnngs g5

i=1

=n—1
éeBJ.

('"go)n

o,

(18)

7..-’j) and
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From (4) for k = 0 we get
como + gomy = 0
and hence .
(—90)1~1 Z Cs,
Co J=1 6eB5°
0 =
(—90) (—90)!
which proves the assertion for n = 1. From (4) fork=n—1(1 <n < N —1) we get

™ = o

n—1

Cn—1Tg + E :gn—m

T ) "

and hence

n—1 J
(—90) "yt = Cam1(—90)" ' + Y Gni(—90)" T D (=90) T D 595 95
=1 j:l 5€Bj=i—l

n—1
= Coe1(=90)" "+ D Guei D (—90)" 7 DD cs9s - 95

i=1 j=1 5€Bj=i—l
n—1n-—1 )
- Cn—-l(_QO)n_l + Z Z gn—i(”go)n_]_l Z C51968, " " gJ,‘
j:l z:] 5€Bj=i—1
n n—1 )
= Cac1(=90)" 7+ D D Gnil—90)" Y. ca9s 95,
Jj=2i=j5-1 56Bj=_i;—l
n
= Cac1(=90)" "+ D (=90)" D 595, 95,
J=2 seB;™ !
n .
= (—gO)n~J Z C5,952 * " 95
7=1 5ij=n-~1
which completes the proof. g

Combining Lemma 3.3 and Lemma 3.4 yields the following theorem.

Theorem 3.1 The probabilities that there are n customers left at a departure epoch are
explicitly obtained as

N—-1
—9g
To = NI ( o) ’
(—go)V 1 Y cngs 95
j:O JEB]SN—z
n
Y (=90)"7 D csGs s (20)
7=1 6B_='n""1
Tw = ) . 1<n<N-1.
(—g0)"™ Y 59595
7=0 5EBSN_2

J
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Example 3.2 Let N = 5. Using (20) one can easily obtain say ms:

2
S (=90)*7 > 5,95
7=1

=1
S€B;

Ty = 1
S (=90)*7 D 5,95, s
7=0 JGBJ‘-<'3

= {—goc1 + cog1} % {gé — go(co + 1 + 3 + ¢3) + co(g1 + g2 + 93)

-1
+ei(g1+ 02) + 201 — G5 (colg? +20100) + c16}) + 657 cog? | -

Remark 3.3 We can apply the same technique to the finite capacity queue without va-
cation to obtain the explicit solution for the probabilities that there are n customers left at
a departure epoch. This can be easily seen by setting

C():go—la
Cr = Gk, k_>_1

Remark 3.4 Via transform-free method, Niu and Cooper [16] derived the waiting time
distribution in terms of 0. Here, o} is the stationary probability that there are k customers
waiting in the queue immediately after a service-start epoch. Note that oy is given by

o-k:ﬂ-k+1+7r0(10k+17 k:OF"aN“L (21)

and hence given explicitly.

4. The queue length distribution at an arbitrary time in steady state
In this section we will derive the probabilities =7, that there are j customers in the system
at an arbitrary time in steady state (j =0,---, N). ’

Let p’ be the probability that the server is busy, then the following lemma holds.

Lemma 4.1 [t holds that
o = M1 - m3)E(S), (22)

where 7 is the probability that N customers are in the system, and E(S) is the expected
service time.

Proof:  We restrict ourselves to only the service facility (excluding the waiting room). By
applying the Poisson Arrivals See Time Averages (PASTA) property (see Wolff [19]), we see
that 7% is also the probability that N customers are in the system just before an arrival
epoch. Hence the rate A(1 — 7};) is the arrival rate of customers accepted by the system,
and it is also the throughput of the service facility. The mean number of customers in the
service facility is equal to p’. Applying Little’s law, we then obtain (22). =

The following theorem will link 7} with mo which is the probability that no customer is
left in the system at a departure epoch.

Theorem 4.1 The probability that the server is busy (not on vacation) is given by

1 _ E(S)(l_ho)
P = E(V)ro+ E(S)(1 — ho)’

(23)
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where E(V') is the ezpected vacation time.

Proof: Let us consider two point processes, where the first one is formed by the beginning
epochs of busy periods and the second one by the end epochs of busy periods. By Ay and
Xee We denote the rates (expected number of points in a unit time interval) of these two
point processes, respectively. Obviously, A\;. = \.. and it holds that

Mo = U _’;)((é)“ ho) (24)
_ P'mo
dee = Bl5 (25)

The first equation can be seen by noting that (1 — p')/E(V) is the rate of the point
process formed by the time instants where the server returns from a vacation and 1 — hg
is the probability that the system is not empty anymore, which means that a busy period
starts. The second equation can be seen by noting that p'/E(S) is the rate of the point
process formed by the departure epochs of customers (i.e. service completion epochs) and
T is the probability that no customer is left in the system, which means that a busy period
ends. By setting A\, = A.. the assertion follows. O

Remark 4.1 There are several ways to prove Theorem 4.1 more rigorously. One way is
to consider the relationship

E(B)

= 26
E(B) + E(I)’ (26)
where B is a typical busy length and [ is a typical idle length. Let S, 51, 53, - - - be a sequence
of i.i.d. service times with distribution function S(z) and V,Vj, Vs, -+ be a sequence of

i.i.d. vacation times with distribution function V(z). Then,
K>

K,
B:ZSZ- and IZZVi,

=1 =1

where K; (K3) is the random number of services (vacations) during a busy (idle) period.
Clearly, K; and K, are geometric distributed with parameters my and 1 — hq, respectively.
Applying Wald’s identity yields

E(B) = and E(I) E(V)

o :].—h()

(27)

Inserting (27) into (26) completes the proof.
Note also, that (27) can be obtained via A, and A.. by the relationship

E(B) = and  B(I)=—-

By using Lemma 4.1 and Theorem 4.1 we can now calculate (1 — 7}), the probability
that a customer is being accepted by the system,

(1 — ho))\'—'l

E(V)m + E(S)(1 — ho)’ (28)

*_
1—7TN—
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Because of the PASTA property, we see that 77 is also the probability that there are j
customers in the system just before an arrival. Thus, the generalized version of Burke’s

theorem (see Burke [1], Gebhardt [9], Cohen [2], Cooper [4]) is applied to get

*
T

Wj:l——ﬂ'}kv’ JZOaaN_l (29)

Substituting (28) into (29) we obtain the following theorem.

Theorem 4.2 The queue length distribution {n7;j = 0,---, N} at an arbitrary time in
steady state is obtained as ‘

7TJ(1 — ho))\_l

TS E(V)m 4 BS)(1—hgy 0Nl (30)
. (1 = ho)A~!
™= BV T B(S) — R .

Remark 4.2 By inserting (20) into (30) and (31) we obtain an explicit solution for the
queue length distribution at an arbitrary time in steady state.

Remark 4.3 Equations (30) and (31) are seen to coincide with equation (9) given in Lee
[11]. Note that the calculation of {m;;¢ = 0,---, N — 1} given by (4) and (5) is simpler than
the calculation of {p;;i = 0,---, N —1} in Lee [11], and that the argument for deriving {7}
is fairly lengthy in Lee [11]. We obtained a more efficient way to calculate the probabilities
{ﬂ-?;i :Oa"'aN}'

Remark 4.4 From (30) and (31) we can straightforwardly obtain the Laplace-Stieltjes
transform of the waiting time distribution (see Frey and Takahashi [7] for a discussion on
it).

5. Concluding remarks
We considered an M/GI/1/N queue with vacation time and exhaustive service discipline.
We presented a simple analysis to obtain the queue length distribution ezplicitly. It should

be noted that our solution technique can be also used for a finite capacity queue without
vacations (see Remark 3.3).

Our results coincide with the results in Lee [11] but require much less computational
effort. Furtheron the limits of our quantities (without vacation or infinite waiting room)
coincide with known results which can be seen in the following.

1. We will consider the case of an M/GI/1/N queue without vacation. If the vacation

period is deterministic, then equations (30) and (31) become

o m(V)(1 = e M)A :

T Vn(V)FES) A ey

(1—eM)\1

Vro(V) + E(S)(1 — eV’

where we write m;(V') (77(V)) instead of m; (}) to emphasize that the probabilities m; (77})

depend on V (5 =0,---, N — 1(N)). By letting V — 0 we obtain

(V) =0,---,N—1 (32)

(V) =1 (33)

) 7;(0) )

lim 5 (V) = —<\%) .y N
Jim 73 (V) o+ 7 0,---N-—1
L 1

pm (V) = 1- mo(0) + p’
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which coincide with the results given in Gebhardt [9] and Cooper [4].

2. We will consider the case of an M/GI/1/0co queue with vacation times, i.e. the capacity
of the queue is unlimited. As above, we will write m;(N) (7}(NN)) instead of m; (77}) to
emphasize that the probabilities m; (7%) depend on the capacity N (5 = 0,-~, N —1(N)).
By using Burke’s theorem (see Burke [1] and Cooper [4]) and the PASTA property (see
Wolff [19]) we have to show

lim nf(N)=m;(c), j=0,1,--- (34)

Nosoo 7

Following the arguments in the proof of Theorem 4.1 we see that

(1 = p)(1 = ho) _ p7o(e)

E(V) ~ E(9)
holds for the infinite capacity queue and hence
1 —ho

Hence equation (30) becomes

PN m(N)(L—h)A™ (V)
A T (N) = 0 S mo (V) F B(S) (1 = hg) N JE(V) ()
= he
:Wj(oo)’ ]:0717

Finally, let us consider a single server queue with finite waiting room and with server
vacations under a general vacation policy. The service policy may be arbitrary as long as it
is work-conserving and fixed. By ¥, we denote the input process (which is a marked point
process, where the marks are formed by the service times) of the system, by N, its arrival
process, by W(t) the workload at time ¢ and by L(t) the queue length at time ¢. We assume
that the arrival process is simple and has a finite and positive intensity A. We assume
furtheron that W,, {W(t)}ecr and {L(T)}cr are jointly stationary under a probability
measure P (see Franken et al. [6] and Miyazawa [15] for details of those definitions). Using
the rate conservation law (see Miyazawa [13]) and equations (2.5) and (2.6) of Miyazawa [14]
we prove in a further paper that Lemma 4.1 and equation (29) which is given by Gebhardt
[9] for the M/G/1/N-queue, are also valid for this more general setting.

For further research, we think about a simple analysis for the M/GI/1/N queue with
vacation time and limited service discipline, where our approach will be based on the service
completion epochs only.

Acknowledgment
The authors thank the anonymous referees for their helpful and constructive comments.

References
[1] P. J. Burke: The output of a queueing system. Opns. Res., 4 (1956) 699-704.
[2] J. W. Cohen: The Single Server Queue (North-Holland, Amsterdam, 1982).
(3] R. B. Cooper: Queues served in cyclic order: Waiting times. The Bell System Technical
Journal, 49 (1970) 399-413.

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Explicit Solution for M/GI/1/N Vacation Queue 441

[4] J. W. Cooper: Introduction to Queueing Theory (North-Holland, New York, 1981).

[5] B. Doshi: Single server queues with vacations. In H. Takagi (ed.): Stochastic Analysis
of Computer Communication Systems (Elsevier Science Publishers B.V., Amsterdam,
1990).

[6] P. Franken, D. Konig, U. Arndt and V. Schmidt: Queues and Point Processes
(Akademie-Verlag, Berlin and J. Wiley & Sons, Chichester, 1981).

[7] A. Frey and Y. Takahashi: A note on an M/GI/1/N queue with vacation time and
exhaustive service discipline. Opns. Res. Letters, 21 (1997) 95-100.

[8] S. W. Fuhrmann and R. B. Cooper: Stochastic decompositions in the M/G/1 queue
with generalized vacations. Opns. Res., 38 (1985) 1117-1129.

[9] D. Gebhardt: Die Ermittlung von Kenngrofien fiir das Wartesystem M/G/1 mit
beschradnktem Warteraum. Zeit. fir Oper. Res., 17 (1973) 207-216.

[10] D. P. Kroese and V. Schmidt: A continuous polling system with general service times.
Ann. Appl. Prob., 2 (1992) 906-927.

[11] T. T. Lee: M/G/I/N queue with vacation time and exhaustive service dlsc1phne Opns.
Res., 32 (1984) 774-784.

[12] T. T Lee: M/G/1/N queue with vacation time and limited service discipline. Perfor-
mance Evaluation, 9 (1989) 181-190.

[13] M. Miyazawa: The derivation of invariance relations in complex queueing systems with
stationary inputs. Adv. Appl. Prob., 15 (1983) 874-885.

[14] M. Miyazawa: Comparison of the loss probability of the GI¥X/GI/1/k queues with a
common traffic intensity. J. Opns. Res. Soc. Japan, 32 (1989) 505-516.

[15] M. Miyazawa: Decomposition formulas for single server queues with vacations: A
unified approach by the rate conservation law. Stochastic Models, 10 (1994) 389-413.

[16] S.-C. Niu and R. B. Cooper: Transform-free analysis of M/G/1/K and related queues.
Math. Opns. Res., 18 (1993) 486-510.

[17] B. W. Stuck and E. Arthurs: A Computer and Communications Network Performance
Primer (Prentice Hall, New Jersey, 1985).

[18] H. Takagi: Queueing Analysis, A Foundation of Performance Evaluation, Vol.l : Va-
cation and Priority Systems (Elsevier Science Publishers B.V., Amsterdam, 1991).

[19] R. W. Wolff: Poisson arrivals see time averages. Opns. Res., 30 (1982) 223-231.

Andreas Frey

Institute of Stochastics
University of Ulm
89069 Ulm, Germany

E-mail: frey@mathematik.uni-ulm.de

Yoshitaka Takahashi

NTT Multimedia Networks Laboratories
9-11, Midori, 3-Chome, Musashino
Tokyo 180-8585, Japan

E-mail: yoshi@hashi.tnl.ntt.co.jp

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.





