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Abstract A generalized M/G/1 queueing system is considered where the efficiency of the server varies
as the number of customers served in a busy period increases due to server fatigue or service enforcement.
More specifically, the k-th arriving customer within a busy period has the random service requirement Vi
where the 0-th customer initiates the busy period and Vi (k = 0,1,2,---) are mutually independent but
may have different distributions. This model includes an M/G/1 queueing model with delayed busy period
as a special case where Vi are ii.d. for k > 1. Transform results are obtained for the system idle probability
at time ¢, the busy period, and the number of customers at time ¢ given that m customers have left the
system at time ¢ since the commencement of the current busy period. The virtual waiting time at time ¢
Is lalso analyzed. A special case that Vj are i.i.d. for k > 2 is treated in detail, yielding simple and explicit
solutions.

1 Introduction

We consider a single server queueing system where customers arrive according to a
Poisson process with intensity A and the service discipline is FIFO. In each busy pericd,
the service time of the k-th arriving customers is denoted by V;, (k¥ > 0) where the 0-th
customer initiates the busy period. It is assumed that V}, (k > 0) are mutually independent
but may have different distribution functions Vi(z) (k > 0).

There are many queueing situations to which such a model is immediately applicable.
For example, consider a case that customers carry i.i.d. service times S with common dis-
tribution function S(z) but its service time will be changed as o, S, where ., is a constant
number depending on the number of customers who already left the system since the be-
ginning of the current busy period. When 1 < oy, < a4 holds for m > 0, the model may
describe a system with gradual server fatigue. On the other hand, when 1 > oy, > a1,
the model may represent a system with service enforcement as the busy period is prolonged.
Queueing situations of this sort would naturally arise in analysis of communication pro-
tocols in ATM(Asynchronous Transfer Mode) networks, where slots of time-frames would
be allocated to voice and data packets dynamically. If we focus on data transmission, the
service rate for data packets would change as the corresponding slot allocation varies over a
busy period. Specifications of a,, would enable one to analyze a variety of communication
protocols.

Another example may be a single server queueing system with i.i.d. service times .S where
the server takes a vacation whenever j customers are served without interruption, resulting
in the expanded service completion time V + .S for the (mj + 1)-th customer (m =1,2,---)
within a busy period. The model of this paper also includes an M/G/1 queueing system
with delayed busy period studied by Welch[2], where V}, are i.i.d. for & > 1.

The structure of the paper is as follows. In Section 2, the model is formally described
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and necessary notation is introduced. Transform results are obtained in Section 3 for the
system idle probability and the busy period, establishing a relationship between the two.
Section 4 analyzes the time-dependent joint distribution of the number of customers in
system and the number of customers that have already left the system during the current
busy period. The remaining service time and the virtual waiting time are considered in
Section 5. A special case that V} are i.i.d. for £ > 2 is analyzed and simple and concrete
results are derived. This is the topic of Section 6.

2 Model Description

Customers arrive at a single server queuing system according to a Poisson process with
intensity A. Let N(¢) be the number of customers present in system at time ¢, including the
one in service, if any. Furthermore, let M(?) be the number of customers served completely
within the current busy period at time t. If the server is idle at time ¢, M(t) is defined to
be 0. When M(t) = m, the service time of a customer who is currently in service is V,,,
with distribution function V,(z),m = 0,1,2,-... We assume that V,,(z) has the density
function v,,(z). Note that a customer whose arrival causes a new busy period is called the
0-th customer of the busy period. We define

(2.1) Vi(z) =PV, <z], Va(z)=1-V,(z),
(2.2) U () = ;;C—Vm(:c),

and (@)

(23) (@) = (”; )

Suppose that there are no customers in system at ¢t = 0, that is M(0) = 0, N(0) = 0.
The process {M(t), N(t)} is not Markov. Let X (t) be the cumulative service given to the
customer currently in service if there is a customer in system at time t. If the system is
idle at time ¢, then X (¢) = 0. M(t), N(t), X (¢) are the states just after time ¢, and hence
they are all continuous from the right side. It is obvious that {M(¢), N(t), X (t)} is a vector
valued Markov process. Throughout the paper, we assume that M(0) = 0, N(0) = 0 and

X(0)=0.

For t > 0, let .
(2.4) e(t)= P[M(t)=0,N(t)=0,X(t) = 0],
and

(2.5) Fpp(z,t) = PIM(t) =m,N(t) =n,X(t) <z}, m=0,1,2,---, n=1,2,3,---.

Thus, €(t) denotes the probability that the system is idle at time ¢, and Y _oo_ >°° , F, (00, 1)
= 1—¢(t). We assume that F,, ,(z,t) is absolutely continuous with respect to the first vari-
able and write fnn(z,t) = £ Fpa(z,t).

Considering the event [M(t + A) = 0, N(t + A) = 0,X(¢t + A) = 0] preceded by the
event [M(t) = 0,N(t) = 0,X(t) = 0] or [M(t) = m,N(t) = 1,X(t) = «}, m = 0,1,2,---,

where A is positive and sufficiently small, one sees that

(2.6) e(t+A)={1-AA}e(t) + A i /Ot fma(z, ) (z)dz + o(A), t > 0.
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On a Generalized M/G/1 Queue 417

By dividing both sides of Equation (2.6) by A and letting A — 0, together with the initial
condition £(0) = 1, we obtain

0t
(2.7) %e(t) = -de(t)+ >, /0 fmp(z,)nm(z)de .
m=0

Consider now the situation in which [M(t) = m, N(t) = n, X(t) = 0], i.e., just before ¢
a new service has been started. In this case if m = 0 and n = 1, then the system is idle
at time t — A, i.e., M(t — A) = 0,N(t — A) =0,X(t — A) = 0, and a customer arrives
during the time interval [t — A,t]. Form =0,n > 2, P[M(t) =0,N(t) =n, X(t) = 0] = 0.
And if m > 1,n > 1 then the system is busy at time ¢ — A, and the service of the (m —1)-
st customer in that busy period has completed during the time interval [t — A,t], i.e.,

Mit-ADA)=M@#)—1,Nt—A)=N@)+1,X(t—-A)=z—A. It follows that

(28) : fo'l(o,t)A = )\Aﬁ(t - A) + O(A) ;
(2.9) forn(0,t) = 0, n=2,3,4,---,
(210) fm,n(o’t)A = A /Ot fm—l,n+1($ - Aat - A)’?m—1($ - A)dx + O(A)

m=1,23,---, n=1,2,3,---.
Proceeding to the limit A — 0, we obtain

(2.11) . fO,n(Oat) = 61’7,,/\6(1‘,), n = 1,2, very,
where 6;,=1 for n=1, 6, =0 for n#1,
and .
(2-12) fm,n(Oat) = / fm—l,n+1($at)77m—-l($)dw7 m=1,23,---, n=12,3,---.
0

Next we consider the situation [M(t) = m,N(t) = n, X(t) = z] and z > 0. Since the
same customer is in service at time ¢t — A, the number of customers who already left the
system in the current busy period is not changed during [t — A,t], i.e., M(t — A) = M(?).
But for n = 2,3,4,--- an arrival may have occurred during [t — A,¢]. And for n = 1 the
only case [M(t — A) = M(¢),N(t — A)=1,X(t — A) = z — A] arises. Then we have

(213) far(@0A = {1-ADHL — (e — A)YA} frsle — D1 — A) +0(A)
m=0,1,2,,---,

and

214)  fan(@ DA = {1 =AAHI = (@ — A)A} frun(z = A, — A)
+)‘A{1 - nm(x — A)A}fm,n——l(x — Aat - A) + O(A)’
m=20,1,2,,---,n=2,3,4,---.

By proceeding to the limit At — 0, we obtain the following partial differential equations :

0
(215) ézfm,l(.T),t) + %fm,l(x,t) = _{A + nm(x)}fm,l(wat)’ m = Oa 1327 5"

and

0 0
(2.16)  o-fmn(@,t) + o fna(@,1) = —{A+0m(@)} fmn(e, 1) + Afmna (2, ),
m=0,1,2,,---,n=2,3,4,---.
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Equations (2.7), (2.11), (2.12), (2.15) and (2.16) give us all information about the tran-
sient behavior of the Markov Process {M(t), N(¢), X(¢)}.

By considering the situation [M(t) = m,N(t) = n,X(t) = z], ¢ > 0, we see that
only arrivals may have occurred and no customers leave the system during the time interval
(t—z,z). Hence at time t—z we have the events [M(t—z) = m, N(t—z) = n—k, X(t—X) =
0], k=0,1,2---,n — 1. Thus we obtain that, by conditioning on the state of this Markov
Process at time t — z,

: et
(2.17) frn (s t kz;)fmn (0, — z)e™> k!) Va(z)y,m=01,2,---,n=1,2,3,---,
where for the case of m = 0, we recall the equations fon(z,t) =0 for n =2,3,4---.

Substituting (2.17) into the right hand sides of (2.7) and (2.12) respectively, and using
Um(z) = Vin(2)nm(z), we obtain

d o
(2.18) Eze( )= —=Xe(t) + 2_: ./0 fma(0,t — 2)e™ v, (z)dz |
and
n t T k
(2.19) frn(0,t) = 2/0 fm—l,n—k+1(0,t—13)6_’\””()\]6') VUm—1(z)dz,
k=0 :

m=1,23-, n=1,23-,2>0.

For notational convenience, we introduce the following functions, transforms, and gen-
erating functions.

(2.20) m(s) = /°° e=to(8)dt, m=0,1,2, -,
0

(2.21) B = " emste(t)dt,
0

(2.22) }m’n(:c,s) /Oo e frum(z,t)dt, m=0,1,2,---, n=1,2,3,---, 2 >0,
0

(223)  gmalt) (’\t)

(2.24) §mn(s)

m(t) ’—0,1,2,"',7120,1,2,"',

il

/ e=tg, ($)dt,m=0,1,2,---, n=0,1,2,---
0

(2.25) @m(z,t;w)

I

men:tt m=20,1,2,---, >0,
(2.26) @m(z,s;w) = / Som(z,t;w)dt, m=0,1,2,---, 2 > 0.

The next proposition plays an important role for studying the transient behavior of the
Markov process [M(t), N(t), X(t)] to be discussed in the next section.

Proposition 2.1
1 + Z }m,l(oas)ﬁm(s + /\)
m=0
s+ A

(2.27) g(s) =
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On a Generalized M/G/1 Queue 419

Proof: By taking the Laplace transform of both sides of (2.18), one sees that

(2.28) s8(s) =1 = =X&(8) + Y Frna(0,8)0,m(s + N)
m=0
providing the proposition. O
The next proposition also follows in a similar manner from (2.19) and (2.11), and will
be used in Section 3.
Proposition 2.2

n

(229) fmnOS :E —-1,n— k+103)gm 1k(3+)‘) —1,2,3,"',72:1,2,3,"

(2.30) Fon(0,8) = 61,08(s), n=1,2,3,.--

Of interest is a recurrence relation for ®m (0, s;w) given in the theorem below.
Theorem 2.3

>

(231) Bo(0,51w) =
(2.32) Pn(0,85w) =

g(s)w,

1. A 5 ~

E —1(0’ 83 'w)'Um_l(S +A- )‘w) - fm_Ll(O,S)'Um__l(S + )‘),
m=1,23--.

Proof: For z > 0, from (2.17), one has

(2.33) (o, tiw) = i{’ifm,n_k(o,tw)e—”( Qg (@ )}wn

n=1 (k=0
k=0 \n=1 k!

= om(0,t— :c;w)e"\m(l—w)vm(-’ﬂ), m=0,1,2,---

For ¢ = 0,m = 0, from (2.11) , we obtain
(2.34) 0(0, ¢ w) 2 Jorn(0, )™ = f5,1(0,)w = Xe(t)w.

For z = 0,m > 1, from (2.12) and (2.33), we see that
(2.35) em(0,t;w) = / Z 1041 (2, )W, (z)dx
= _/ {Z fm~—-1n -'17 t)w _fm 11(-7; t) }nm—l(x)dm

n=1
= 5/0 Som-—l(x,t; W)nm—ldx—L fm—l(m’t)nm_ldx,
1 ‘ —Az(l—w)X/
= ;)‘/0 {Som—l(o,t — Iy 'UJ)e A (1 )Vm—l(m)} nm_l(,’]})daj
t P
_/0 {fm—l,l(O,t - x)e_)‘me_.l(m)} ’I]m_l(m)d"g

Taking the Laplace transform of both sides of (2.34) and (2.35) respectively, the theorem
follows. O
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420 N. Igaki, U. Sumita & M. Kowada

3 The System Idle Probability and The Busy Period

In this section, we derive the transform results for the system idle probability and the
busy period. A preliminary lemma is needed. Let a; correspond to the number of arrivals
during the service time of the k-th customer (k > 0) in a busy period. Suppose that there is
no one waiting in the system when the m-th customer starts receiving the service. (Hence
if a,, = 0, the current busy period is terminated.) Of interest of a combinatorial nature
is a set of {ag,ai, - ,a,,} which realizes the above situation. In order to comstruct this
set, we introduce a set U, ; of sequences of nonnegative integers of length k + 1 generated
recursively on k in the following manner.

[Step 0]  Unmpo = {{1}}
[Step k] (k=1,2,---,m —1)

* * *
If {a’m—k’ Qp—k+17 """ am—l} € Um,k—l,
then {am—k—h Qm—k, m—k+1y, "7 am—l} € Um,ka
where a; = af, for m—k+1<:<m—1, and ap—k-1 4 Ap-r =ay,_, + 1.

The set of original interest is then obtained as U,, ,,,—1. For clarity, the example of m = 3
is given below.

Uso = {{1}}
Usy = {{270}1{1v1}}7
U3,2 = {{3v070}v{2a1a0}a{172v0}1{2a071}7{1v171}}'
For notational convenience, we decompose the set U, ,,—1 by the value of a;. More

specifically, {ag, a1, @m_1} € Spn implies that ap = n and {ag, a1, - am_1} € Upnm-1.
Consequently, one has

(3.1) Unm-1=J Smm » m=1,2,3,--.
n=1

Using these sets Uy, ;n—1, the next lemma follows.

Lemma 3.1 ~
(3.2) Fm1(0,8) = Ae(s)ym(s + ), m=0,1,2,---,

where

1 for m =0,

(3:3) Tm(s) = > > Grap(s) for m=1,2,3,---.

Proof: From (2.30), for m = 0 Equation (3.2) holds obviously. For m > 1, from (2.29),
one has

~

fm,1(0$ 3) = Z ?m—1,2—k(0? s)gm——l,k(s + A)
k=0

-~

= Z fm-—l,am__z (07 3)§m_1,am_1 (S + /\)

{am-2 1@m—1 }eUm,l

m—1
= Z fm—2,am_3(05 'S) H gk,ak(s + A)

{aj};"____"::_anm’Q k=m~2
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On a Generalized M/G/1 Queue 421

li

Z f1a003 H 5+)\

{‘lj}T:_BlGUm,M—

To complete the proof we note that Sy, 4, Sy n, = @ when ny # n,. Replacing 3° {a)T5te
in the above equation by 3°7, Z{a:’}m 1St WE obtain

Um,m—l

m m—1
Frma(0,8) = >0 3 Fra(0:8) II Gka,(s+ )
"= ey} €Sman k=1

= 70093 T s+ 0 T ksl

=1 {a;}]15" €Smn

= A&(s) i > T’ﬁl Ghap(s T A)

n=1 {aj};'n;ol €Sm,n k=0
= A&(8)m(s+ ) for m=1,2,3,.--. O

Substituting (3.2) into the right hand side of (2.27), and solving for £(s), we obtain the
next theorem.
Theorem 3.2 ]
(3.4) g(s) =

SHA=AY Ym(s +A)0m(s + A)

m=0

We now turn our attention to the busy period. The busy period analysis can be done
along the line of derivation for the ordinary M/G/1 system. Let Tgp be the busy period,
formally defined as

(3.5) Tgp = inf{t; N(t) =0 | M(0) =0,N(0) =1, X(0) = 0}.
We assume that it has the density function denoted by

(3.6) opp(t) = Pt <Tgp <t+dt| M(0) =0,N(0) =1, X(0) =0],
with the Laplace transform

(3.7) Gup(s) = /0 " etopp(t)dt.

As for the ordinary M/G/1 system, the following relationship between Ggp(s) and &(s)
holds.

Theorem 3.3

(38) g(S) = {S + A — )\a'Bp(s)}—l

Proof: We first note that

(3.9) (t+8) = (1= AA)e(t) + 24 | "ot 4 A —y)e(y)dy + o(D).
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422 N. Igaki, U. Sumita & M. Kowada

The first term of the right hand side of this equation describes the case that no arrivals
occurred during [0, A]. The second term represents the case that an arrival occurs during
[0, A] and the busy period initiated by this arrival continues until time ¢ + A — y and no
arrivals occur during [t+ A —y,t+A]. Letting A — 0, Equation (3.9) leads to the following
differential equation :

d

Ze(t) = =elt) + A [ omplt — y)e(y)dy

(3.10) -

By taking the Laplace transform with £(0) = 1, we obtain
(3.11) — 1+ s€(s) = —Xe(s) + Aagp(s)E(s).

Solving for &(s) completes the proof. O
From Theorem 3.2 and Theorem 3.3, we obtain the next corollary immediately.

Corollary 3.4
(3.12) opp(s) = Z Yo (8 + N0 (s + A)

m=0

In (3.12), the right hand side is formed by conditioning on m, the number of customers
who arrive during a busy period, i.e., including a customer who arrives to an empty queue
and starts this busy period, the busy period ends after having m+1 customers served. Hence
Ym(8 4+ A)0m (s + A) is the Laplace transform of the busy period distribution conditioned on
m. To interpret (3.12), we recall the definition of 4,,(s) in (3.3). From (2.23) and (2.24),
one has

(3.13) Yo(s +A) =1,

and

m -1

(3.14) ym(s +A) = > > Grar(s+A)

n=1 {a't}:r:_o Esmn k=0

3

1l

m

= Z Z H / —(S+A)t /\t) ’Uk(t)dta m = 1, 2’ 3, .

1 Ic'
n=1{ ™5 Esmnk 0

Suppose that ag = n customers arrive during the service time of the 0-th customer in this
busy period. For {ag = n,a1, - ,am-1} € Smn, ar customers arrive during the service

oo PV AR
time of the k-th customer (1 < k£ < m — 1) with probability / e"\t(—;)—'—vk(t)dt. The
0 k-

probalistic meaning of (3.14) is then clear.
We are now in a position to find the limit of the system idle probability €(¢) as t — oo,

and the mean busy period E[Tgp] = [;° togp(t)dt.
Theorem 3.5

1
(3.15) Ame®) = T ETen

(/°° et oe(t )dt) </°° e_,\ttaj+lvj(t)dt)
0 ag! 0 a;!

(3.16)  E[Tgp] = E[Vq]
SDIRLO SEED DD >
m=1 n=1 { }2_0 ESm'n 7=0
am =0

\H\H lam b

k
k
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Proof: Using Theorem 3.3 and the L’Hopital’s rule, one has

. . _ . S
tllglo e(t) = l;f(r)lss(s) = 181{51 ST honn(s)
) 1 1
= li = .
S\{g 1- /\('BB—SO'BP(S)) 1 + /\E[TBP]

The second statement is immediate from Corollary 3.4 and the relation
E[Tgp] = — lim,)o 'é%O'BP(S).D

4 Time-Dependent Joint Distribution P[M(t) = m,N(t) = n]
In this section we analyze the time-dependent joint distribution

(41) pm,n(t) = P[M(t) =m, N(t) = ’I’L]
= /0 Jn(z,t)dz.

The corresponding generating functions and their Laplace transforms are denoted by
Z Pon(t)w"
n:O

= poo(t) + A > fon(z, t)wdz

n=1

(4.2) mo(t; w)

If

= e+ [ wola,tw)de,

Z pm,n(t)wn

n=1

= / Om(z, t;w)de, m=1,2,3,-.-,
)

(4.3) T (T W)

and o
(4.4) Tm(s;w) = / e, (tw)dt, m=0,1,2,---.
0

We have already determined £(s) in Theorem 3.2. In the next theorem, 7, (s;w) is
obtained using £(s).
Theorem 4.1

—Uo(s+ A — Aw)
s+ A= dw
m~=-1 = .

(4.6) Fm(s;w) = ,\g(s){w 1 k(s + A — Aw)

k=0

(4.5) Fo(s;w) = &(s) + Ne(s)w

w

- mi:l’Yk(s + N)or(s + A) ’ﬁl bi(s + A — Aw) }
k=0 "

i=k+1
1 — B(s + A — Aw)
S+ A= dw ’

for m=1,2,3, -~
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Proof: For m > 1, from (2.33), it can be seen that
/Oo e ' (1 w)dt /Oo e~ st (/oo em(z,t; w)dm) dt
0 0
- /°° —sf/ om(0,1 — z;w)e IV, (2)dzdt
0

_ /°° gom(Otwdt/ MR () de
0

Similarly for m = 0, we obtain

1 —0,(s+ A= Iw)
S+ A= Aw

(4.7) To(s;w) = &(s) + @o(0, 55 w)

7

and 1 — (. A = \w)
R . it _ —Up(S+ A= Aw
(48) ﬂ'm(s, 'LU) - Som(07s7w) s + /\ _ /\w

Using the recurrence relation (2.32) and (3.2), for m > 1, one has

’ m=1,2,3,---

— A&(8)Ym-1(8 + A)Vp_1(s + A)

~ N Um—1(8 + X = dw
@m(0,85w) = @, _1(0,s;w) i " )

Um—2(s + A = Aw) Um-1(s + A = dw)

- {@m_2(o, 53 w) — XE(8)Ymo2(s + A)Bma(s + )\)}

w w
—XE(8)Ym-1(8s + AN)0pm_1(s + A)
/\ A m-— m-—1 =
O,S,w)]:[vk s+ w) Z (5)ye(s 4 \)Ba(s + A) H vi(s+ X — )\w)
k=0 1=k+1 w

From (2.34), for m > 0, it follows that

(4.9) B (0.50) = X&(s) {w"ﬁl k(s + A — dw)
k=0 w
—3_:1 Ve(s + A)ok(s + A) "i'[l vi(s + A~ Aw)} .
k=0 i=k+1 w

where the empty sum Y71, is defined as 0 and the empty product [1z2, is defined as 1.
Substituting (4.9) into (4.7) and (4.8), the proof of this theorem is complete. O

5 Remaining Service Time and Virtual Waiting Time
Now we analyze the time-dependent behavior of the joint process of M(t¢), N(t) and the
remaining service time X, (t). For m > 0 we define

(5.1) H,n(v,t) = PM(t)=m,N()=n,X:(t) <],
(5.2) hpn(v,t) = %Hm,n(v,t),
and

(5.3) I (u,s;w) / dte”“/ _”“Zw b (v, t)d
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Theorem 5.1

(5.4) I (u,sw) =

Ne(8){Om(u) = Om(s + X — Aw)} o {w "ﬁl (s + A — Aw)

s—u+A—Adw fair w
m—1 R m—1 = S+A )\w
=S s+ Vst +0) TT 2 )}
k=0 i=k+1 w
for m=0,1,2,---

t

Proof: Substituting h,, ,(v,t) = / fm,n(y,t)%—*—)—v)dy into (5.3), and using (2.25) and
0 m\Y

(2.33), one has

[ee]

(5.5) ﬁ*m(u,s; w) = /Ooo dt e’“/ dy Z w"i%’igé’)i) /Ooo e vy + v)dv

foo dt e'“/o dy f—(—(tg;)w—) /Ooo e "vm(y + v)dv

= / dt e"St/ dy ©m(0,t — y; w)e~ 21wl /00 ey, (2)dz
Y

= L,’va(O,.s;w)/ dy e'(s_“"')‘"’\‘”)y/ e om(z)dz
0

Y

R Um(u) = V(s + A = Aw
= G0, sy = ImE A A0)

I

Substituting (4.9) into the above equation, the theorem follows. O

Next we consider the virtual waiting time or the unfinished work W (¢) at time t. The
joint distribution function W, (z,t) of W(t) and M (t) for m > 0, and its LST are defined
by

(5.6) Wn(z,t) = P[W(E)<z,M(t)=m], z>0,
(5.7) W (u, ) /0 e d, W (z, 1)

From the initial condition N(0) = 0, we have W(0) = 0. Moreover, we note that

1]

58) Wn(0,0)= { o0 =PIV =0 for =y

We recall that V,,(y) = I vm(2)dz and 6o =1 if m = 0 and 6, 0 = 0 otherwise.
Theorem 5.2

. oo m+n—1 fmn y,t) oo
(5.9) Wr(u,t) = e)bmo+ >, [ o u)/ dy e"V—=——"~ / (v)dv,
n=1k=m+1
m=20,1,--

Proof: Conditioning on X (t) = y, we see that

Win(z,t) = &(t)é O+Z/ [ ~y+m+§n:—Vk<le >y}fmn(y,)dy

n=1 k=m+1
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It then follows that

(5.10) Wi(z,1)

(o) t fm n(y, t) e m+n—1
8( ) o i n=1/0 Y V'm.(y) /y P l:k=m+l £ * Y 1Y (v)dv

By taking the Laplace transform of (5.10), with mutual independence of V;, the theorem
follows. O

6 Special Cases

When Vi (k > 0) are i.i.d., our model reduces to the ordinary M/G/1 system, which we
call Case A. If Vi (k > 1) are i.i.d., then the model coincides with the delayed busy period for
M/G/1, originally studied by Welch([2]. This case is called Case B. In this section, we extend
Case B by assuming that Vi (k > 2) are i.i.d., which we call Case C. The busy period and
its transform for Case X are denoted by Tgp, and Gpp, (s) respectively for X = A, B,C.
The primary purpose of this section is to express Gpp,(s) in terms of Ggp,(s) and dgp,(s).

For notational convenience, we denote the concatenation of two sequences of integers

a = {ap,ay,*,a;} and b = {by, b1,--+,b;} by
a(+)b = {ao,a1,- -+, ai, b, b1, -+, b}.
We also denote the truncation of a with the first term dropped by a*, i.e.,
a" = {ay, --,a;}.
The notation is extended in a natural way to similar set operations where
A(+)B = {a(+)b|a € A,b € B},

and

A*={a* |a € A).

For the definition of S,, , given in (3.1), we see that S,, ,(+){0} is the set of sequences ( of
length m + 1 ) of customer arrivals in individual service times when the busy period ends
after having m + 1 customers served and n customers arrive during the service time of the

0-th customer. Accordingly,
(6.1) Sy = U Smm(+){0}

is the set of such sequences for all busy periods having n customer arrivals during the service
time of the 0-th customer. We note that S, 0 = @ so that

(6.2) So = {0}

With this interpretation, it is clear that S, can be decomposed as

o0

(63) Sn = {n}(+) U SJ(+)S:—17 n = 1327' Tt

7=0

We are now in a position to prove the following theorem.
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Theorem 6.1

(64)  Fare(s) =Bals + 1) + 2222 (iy(s + A = N2, s)) — Tols + V)

Proof: Let [a] denote the largest subscript of the sequence a i.e., when a = {ao, a1,- - -,

, [@] = m. Changing the order of the summations in (3.14) and using (6.3), we can write

(65) Fppo(s) = 3 Am(s+ Nom(s+2) =Foo(s + N+ 3> 3 T Gy (5 +2)

m=0 n=1AE€S, k=0
o oo b]
= 50,0(3+A)+290,n(3+A) 9103+/\ +E Z H?]k,bk(3+/\)
n=1 7=1 bGS;' k=1

[]
X( > H?/c,(s+)\))

cesy_,i=1

o o0 (b]
= Goo(8 +A)+ D Gonul(s+A) (al,o(s +0 420> [k (s+ A))

n=1 i=1 bGSj k=1

o (b1 [c]
X (§0(3+A)+Z > Habk(sw)) ( > Hﬁq(s+A>)-

i=1pes, k=1 ces:_, I=1

Since Gy, (8 + A) = G,, (s + A) for k£ > 2, we obtain

o0 00 (b)
(6.6) GBP.(s) = Goo(s+A)+ ;ao,n(s +A) (aw(s 0 +X D ks (s+ A))

i=1 bGS]‘ k=1

o0 [b] o
X (ao(s +0) 4+ > [T o (s + A))

i=1 bGSj k=1
Setting §; (s + A) = Giy1,.(s + A) in (6.5), we notice that
(6.7) Gro(s +A)+ 32 37 TT ke, (s +2) =Grps(s).
=1 bGSj k=1

In the same manner,

oo 1
(68) 8+)\ X_:ZU S-I-)\ —O'BPA()

Substituting (6.7) and (6.8) into (6.6), we then obtain

55ra(s) = Gools +A) + Y Bon(s + NFsry(s) (Brs(5)"

n=1

X (s O'BP(S (s (A" n
= /0 e~ (s+ Mty ()dt+~—L—)/0 e ("'A)tvo(t)z( ) Gpp,(s)"dt

o8P,(8) —= nl!

= (3+A)+ZE—I’Z—B—E-—;{%(HA—MBPA(S))—30(5+A)} O

The next corollary is immediate as special cases of Theorem 6.1.
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Corollary 6.2
(6.9) gr,(s) = V(s+ A —Adpp,(3))
(6.10) aps(s) = To(s+ A — AGgp,(s))
For the mean busy period in each case, we have the next corollary.
Corollary 6.3
E[V]

(611) E[TBPA] = mﬁ'/']' if )\E[V]<1
(6.12) E[Tgp,] = 1—_%1[—‘7]- it E[Vo] < o0, AE[V] < 1,
EVo] + (1 — 8o(M))(E[W] — E[V])

(6.13) E[Tgp,] =

1 —AE[V]
if E[Vg] < oo, E[V}] < 00, AE[V] <1

Proof: Finding the derivative of both sides of (6.4) with respect to s, and proceeding to
the limit s | 0 yield,

(6.14) E[Tsp,] = (E[TsP,] — E[TsPs]) (Vo(X) — 1) + E[Vo] (1 + AE[TsP,])
For E[Tgp,] and E[Tgp,], as special cases of (6.14), we have

(6.15) ElTor,] = EIV]+AEIV]E[Tsp,]
(6.16) E[Tspy] E[Vo] + AE[Vo] E[Tsp,]

These yield the first two assertions in this corollary. Substituting (6.11), (6.12) into (6.14)
yields (6.13). O

Now we observe the limiting behavior of the system idle probability and the generating
function of the distribution of the queue size in Case C as time ¢ — oo.
Theorem 6.4

~ 1 - \E[V]
1+ MEW] - E[V]+ (1 — (M) (E[Vi] — E[V])}Y

(6.17) Jim &(2)

(6.18)  Jim > PIN(®) =n | N(0) = OJu"
~ 1 — AE[V]
1+ MEW] - E[V]+ (1 = 0o(M)(E[W] - E[V])}
g {(w@o()\ — Aw) — 5(A = dw))
(w —B(A — Aw))
+ (01(A — Aw) — (A — Aw))(o(A — Aw) — Do(A) + wﬁo()\))} ‘
(1 —w)(w—v(X — Aw))

Proof: From Theorem 3.5 and (6.13), one has

(6.19) JLim e(t) = lifg s€(s)
_ 1
1+ )\E[TBPC]

| — AE[V]
14+ MEVy] — E[V]+ (1 —Bo(N))(E[VA] — E[V])}
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From Theorem 4.1, after some algebra, it follows that

(6.20) Jlim > P[N(t) =n | N(0) = 0Jw" = Jim > wm(tyw) = lifgls > Fmls;w)
% =0 T m=0 s m=0

= (lms(s)) {<wao((xw—_xgu& -3 - \w))

4 (0100 =) = 5~ Aw) @A = M) —Bo(A) + wi;‘o()\))}
(1 —w)(w—3(A = Aw)) )

Substituting (6.19) into (6.20), we obtain the generating function of the distribution of
queue size as t — co. O

Remark 6.5 We note that we obtain the same results as Welch’s model( Case B ) in [2] by
setting 91(s) = 9(s) and V4 =V in theorem 6.4. Moreover, if we set To(s) = D1(s) = 0(s) and
Vo = Vi =V in theorem 6.4, the results of the ordinary M/G/1 (Case A) are immediately
derived.
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