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Abstract Correlation of consecutive interdeparture times characterizes the output process in a queueing
system. We present a recursive procedure for calculating the joint distribution of an arbitrary number of
consecutive interdeparture times in M/G/1 and M/G/1/K queues. We then obtain explicitly the covariances
of nonadjacent interdeparture times, and display the correlation coefficients that reveal the long-range
dependence.

1. Introduction

In a network of queues such as those appearing in communication networks and manufac-
turing systems, the customers departing from a queue constitute arrival streams for other
queues. It is therefore important to characterize the output processes in queueing systems
[6, chap. 6]. The output process of an M/G/1 queue with infinite or finite capacity can
be formulated as a Markov renewal process for (a) the number of customers left behind
in the queue by departing customers, and (b) the time intervals between two successive
departures. The marginal process for (a) is a simple discrete-time, discrete-valued Markov
chain. The marginal process for (b), which consists of consecutive interdeparture times,
is more complicated because of their long-memory correlation structure except for a few
special cases. -

The past studies for the output process in an M/G/1 queue with an infinite capacity
include the following. Burke [1] and Finch [7] showed that the output process of an M/M/1
queue is a Poisson process at the same rate as the arrival process. Jenkins [9] analyzed the
correlation of consecutive interdeparture times for an M/E,, /1 queue, where E,, denotes
the Erlang-m distribution. For an M/G/1 queue, Conolly [2, sec. 5.5.1] (see also Takagi
[12, sec. 1.5]) gives the joint distribution for two consecutive interdeparture times 7, and 7o,

.from which the covariance Cov|ry, 72| is derived. Daley [3] derives the generating function
for the sequence {Cov|[r,7,];n = 2,3,...}, where 7, is the n — 1st interdeparture time after
71 Daley [4] and Reynolds [11] present surveys of the available results. In the present
paper, we show a procedure for calculating the joint distribution for the arbitrary number
n consecutive interdeparture times 7y, 7y, ..., 7, from which we can obtain Cov|[r, 7,].

For finite-capacity M/G/1 queues, which we denote by M/G/1/K where K is the ca-
pacity including a customer in service, Daley and Shanbhag [5] and King [10] showed that
Cov[r,7,] = 0 for n > 2 in M/G/1/1 and M/D/1/2 queues, and that Cov[r,7,] = 0 for
n > 3 in an M/G/1/2 queue. See also Takagi [13, sec. 5.2]. Rather recently, Ishikawa [8]
proved an interesting result that Cov[r,7,] = a7 °Cov[r, 73} for n > 4 in an M/G/1/3
queue, where a; is the probability that exactly one customer arrives during a service time.
He also derived an explicit expression for Cov[r,7,] for n < K in an M/M/1/K queue. His
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analysis is based on the formulation of a Markov renewal process as mentioned above. Our
paper provides a different approach by taking advantage of a recursive structure in the set
of interdeparture times. ‘

The rest of the paper is organized as follows. In Section 2, we introduce notation
and give as a preliminary a set of equations for calculating the queue size distribution at
departure times. In Section 3, we show a procedure for calculating the joint distribution
of n consecutive interdeparture times from that of n — 1 consecutive interdeparture times.
In Sections 4 and 5, we present the explicit expressions for the covariances of nonadjacent
interdeparture times in M/G/1 and M/G/1/K queues, respectively. We also display some
numerical results for the covariances, and give a few remarks.

2. Queue Size Distribution at Departure Times

We deal with an M/G/1 queue with a Poisson arrival process at rate A, independent and
identically distributed service times, and a single server in the steady state. We also con-
sider an M/G/1/K queue with similar settings and a finite capacity such that at most K
customers, including one in service, can be accommodated in the system at a time. The
density function and its Laplace transform for the service time are denoted by b(z) and
B*(s), respectively, so that B*(s) := [5° e **b(z)dz. The mean b and the second moment
b® of the service time are then given by b = —B*1)(0) and b® = B*(®)(0), respectively,
where B*()(s) := d'B*(s)/ds' for i = 1,2,.... When the service times are exponentially
distributed, the service rate is denoted by x so that b = 1/u. Note that our arguments
below hold as well if the service time does not have the density function b(z); in such a
case b(z)dz in the subsequent equations should be replaced by dB(z), where B(z) is the
distribution function for the service time. _

In the steady state, let 7 be the probability that & customers are left behind in the queue
by a departing customer. If K = 1, we have 79 = 1. Otherwise, the set {7;;0 < k < K —1}

satisfies
k41

T = Tody + Z TiQk—j41 0<k<K-2 (1)
7=0
and

K-1
Z T = 1, (2)
k=0

where a; denotes the probability that k customers arrive during a service time, and is given

by
©° (A‘T; i — AT *

Thus we can calculate 7 /7o (1 < k < K — 1) by (1), and then evaluate my by (2). If
K = oo, we have g = 1 — Ab which is assumed to be positive for the stability of the queue.

(=1*

3. Joint Distribution of Consecutive Interdeparture Times

The time interval between two successive points in time at which customers depart from
the queue after the service is completed is called an interdeparture time. Note that we
exclude those points in time at which customers are blocked upon arrivals in the M/G/1/K
queue. The Laplace transform A*(s) of the density function for the length 7 of a single
interdeparture time is then given by

A *( * _
B ) + (1= m)B(s) = (1—

oS

A*(S) = Tg S_I_A

) B(s) @)
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from which we get the mean and the second moment of the interdeparture time as

Bl =5+ ;. B[] = ot 4 20 +AD) (5)
A A2
When K = oo, we have E[r] = 1/) as no customers are lost or created.
We denote by A*(s, s) the Laplace transform of the joint density function for the lengths
7 and 7' of two consecutive interdeparture times. By considering several conditions in the
queue size at departure times, we can obtain [2, 13]

To

s+ A

As'B*(s + A) 3 T8 B*(s + )
s+ A s+

A*(s,s") = {B*(s) — {:SB*(S) + }B*(S') (6)
with 7 = [l — B*(\)]mo/B*(A). From (6) we get the covariance of the two consecutive
interdeparture times as

Cov|r, '] =

7o | B*()\) B M\ 0
‘A"[ X B\ _b“ﬂ (7)

for K > 2. For K =1 (an M/G/1/1 loss system), we simply have

A
s+ A

A*(s) = B*(s) ; A*(s,s')=A%(s)A*(s") ; Cov[r,7]=0 (8)

as the departure process is a renewal process. For an M/M/1 queue, we have

A

A*(s) = T

;o A*(s,8) = A*(s)A*(s') ; Cov[r, 7] =0 9)

as the departure process is a Poisson process at rate A.

In order to obtain the covariance of nonadjacent interdeparture times, we have to
consider the joint distribution for more than two consecutive interdeparture times. Let
A% (Sn,Sn_1,---,51) be the Laplace transform of the joint density function for n consecu-
tive interdeparture times 7; through 7, where the transform parameter s; corresponds to
Tog1—i (1 <4< n). Also, let A%, (SnySn—1,-..,51) and A%, (sp,80-1,...,51) be the similar
Laplace transforms on the condition that there are k and n or more customers, respectively,
in the queue at a departure time. Thus unconditioning yields

n—1 n—1
AX(Spy Sne1y---581) = Z TS (S Spet1y -+, 51) + (1 - E Wk) AZ:Zn(sn, Sp_ly--+3S1)-
k=0 k=0

(10)
We will show that {AZ(n, Sn—1,...,51);0 < k <n—1} and A% 5, (8n, Sno1,-- -, 81) can
be expressed in terms of {AX ..(Sn—1,5n-2,...,51);0 < k <n —2} and

A* oo (Sn-1,8n—2,-..,51). Therefore, starting with
* A % * * 1
A1:0(51) = s —|—AB (81) ) AI:ZI(SI) =B (81) ( 1)
we can calculate {A*, (Sn, Sp_1,---,81);0 < k <n—1} and A%, (Sn,Sn-1,.--,51) recur-

sively with respect to n for an arbitrary value of n in principle. Substituting them into
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(10) we get AX(sn,8n-1,--.,51), from which we can obtain the covariance of interdeparture
times 7, and 7, by

O? A% (8py Sp—t1y-+-551)

D505, — (E[])*. (12)

Sp=8p—1=r-=851=0

Cov[r, ] =

We now present the recursive procedure. Let us first consider an M/G/1 queue. Obvi-
ously we have

A:; >n(3na8n—la--- ) B*(Sn)An 1:>n— 1(8n 15Sn—25 - ) = B*(Sn)B*(Snwl)"'B*(Sl).
(13)
In order to express A%, (s5, 851, .-,51), | <k < n—1,interms of {A}_; (sp_1,80-2,---,51);

0<j<n-—2}and AZ—1;>n-1(3n—17 Sp—2,---,91), We note that the joint Laplace transform
of the density function for the length of a service time and the probability that j customers
arrive in that service time is given by

/ooo e_”g—\}f—v—!)ie_’\”:b(w)dw = (;j)!iB*(j)(s + ). (14)

Thus we get the relation

?r-

;;k(‘snasn——lv"w (S +/\) n—1tk+j— 1(Sn_1,8n 25 - ..,81)

.,
Il
o

+ | B*(sn)

( Sn + /\):I A:—I:Zn——l (Sn_l, Sp—2y-- 781)

1<k<n—1.

If there is an idle period before the first interdeparture time, the joint Laplace transform of
the density function for the length of the idle period and a service time and the probability
that 7 customers arrive in that service time is given by

/ —stdt/ \e A : )] ”\(t‘””)b(t—:c)d:pzs_l_% (])") B*U)(s + A). (16)

Thus we get the relation

* _ A =2 ( /\) *(7) *
AWO(S”’S”"I"“’SI) - Z B (‘S +/\)An lj(sn—la‘sn—%"‘asl)

Sp T+ A =0 7!
(17)
A * = (_/\)J *(7 *
+3n 0 B*(s,) — jzzg _ﬁ——B @ (s, +\) AL 1sn—1(8n-1,8n-2,-.-,51).

Equations (13), (15), and (17) provide the recursive procedure for the M/G/1 queue.
In an M/G/1/K queue, equations (13), (15), and (17) hold for n < K — 1. In addition,
we have

Ktk —1(SK=1,8K -2, .,81) = B*(8x_1)B*(sK—2) - -- B*(81). (18)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



146 H. Takagi & T. Nishi

For n > K, by similar arguments we get

K—-k-1 (_)\)
;;k(snasn—la"-asl): Z ]‘ B*(])( ‘|‘)\) n—1:k+j— 1(5n 15 Sn— 27"-731>
7=0
—k—
+ ( +/\) An 1:K— 1(371 1) Sn— 2""731)
- 1<k<K-1
and
Y K-2 by
AL o0(Sny Spe1ye vy 81) = T ]Z% ( ]') B*(’)( Sn +A)A; (501,802, -, 51)
N P = eV
+3n+)\ B (Sn)—;TB (])( + M| Ar -1 (Sn—1; Sn2s -5 81).

These equations complete the recursive procedure for the M/G/1/K queue.

4. Covariance of Nonadjacent Interdeparture Times in an M/G/1 Queue

(19)

By the recursive procedure given in Section 3, we can calculate the Laplace transform
AX(8pySn_1,- .., ) for the joint distribution of n consecutive interdeparture times 7y, 7, . . .,
Tn. Such calculation is made possible by symbolic formula manipulation software, for ex-

ample, Mathematica [14]. We can then obtain the covariance of 7 and 7, by (12).

In this section, we present the result for an M/G/1 queue. For the simplicity of notation,

let us use b; ;= B*@(\) for i = 0,1,2,... in Sections 4 and 5. We have

1 1 b
o= (- 43

1 1 B b Ab}
Cov|r, 73] = <X — b) [_X + TO b — boby — —bo + /\b2} )
1 1 b b
Cov(r, 4] = <X - b) [—X + —)\9 — ?)i 26501 — b} + Abobi
A2y A, Abiby, N
s + =b3b — —bob
+ bO +)\b2—|—2b02+ 2b0 2 0U3 [ »

and

biob b2
Covry, 5] = (l - b) [—l 4+ -2 - S 3b3b1 + b_ - /\b2 ’\bOb% + 3’\b(2Jb%

) AT A bo
Azbq 270 4 2228 — A%hob? — 5§§f + Aby + AB3b, + s bth
—vh@+V%mm—gV%mm_X€%+ vw@_iﬂg
+ ’\;bobg - %21;01;3 X —~bbs — ﬁ + A—3boblb3 + = o b2b4 .
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We note that (21a) is given in Conolly [2], while the results in (21b)—(21d) are new.
According to Daley [3], the sequence {Cov[r,7);n = 2,3,...} for the M/G/1 queue
satisfies the relations

(;5 - Var[ﬁ]> (22)

N[ =

Z Cov[ry, 7] =
n=2

and

> Covlr, 72" = A2(1— z) {1 — w(2) + w(z)w'(2) ] ’ .

n=2

where w(z) is the root of smallest modulus of the equation
w = zB*[A(l — w)] (24)

and w'(z) = dw(z)/dz. Thus (21a)-(21d) could have been obtained from (23) and (24).
We display the correlation coefficients of the interdeparture times defined by

Cov[ry, Ty

p(T1,7n) = Var[r] (25)

for the Erlang-m distribution of the service time

B = ()" (26)

s+m

which has the unit mean and the squared coefficient of variation 1/m, where m is a positive
integer. Thus the case m = 1 corresponds to an M/M/1 queue, and the case m = oo to an

M/D/1 queue. With (26), from (22) we have

;Cov[ﬁ,m] = % (1 - %) (27)

which is independent of the arrival rate A. Jenkins [9] gives the expression for p(rq,73) for
the M/E,, /1 queue, which agrees with our special case.

In Fig. 1(a)—(d), we plot p(mi,7,) for n = 2,3,4 and 5, respectively, for an M/E,, /1
queue with b =1 in the cases m = 2,5,10,30,100 and oo against \. We observe that:

e p(71,7,) is always nonnegative. Thus, from (27) we always have

lim p(71,7,) = 0. (28)

e Given n and m finite, p(7y,7,) is a unimodal function of A.
e Given A, p(m,7,) increases with m, and decreases with n.

0.2p 0.2

0.175¢ 0.175¢
0.125} 0.125f
0.075 0.075¢)

0.025} 0.025
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0.2 (a) p(71,72) - (b) p(71,73)
0.175F 0.175¢
0.15 0.15
0.125 0.125
0.1 0.1
0.075 0.075
0.05 0.05
0.025 0.025f

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(c) p(71,74) (d) p(71,7s)

Fig.1. Correlation coefficients of interdeparture times in an M/E,, /1 queue
(m =2,5,10,30,100 and co from below).

5. Covariance of Nonadjacent Interdeparture Times in an M/G/1/K Queue
Let us also present the covariances of the interdeparture times for M/G/1/K queues, and
display the numerical values of the correlation coefficients for the M/E,, /1/K queues such

that the service time distribution is given by (26).
For an M/G/1/2 queue, we have

bby + b
COV[T:[’TQ] —_ — 0;- 1 : COV[T],TTL] = O n Z 3 (29)
In particular, for an M/D/1/2 queue we have by = e and b; = —be ™’ so that Cov[r, 2] =

0 as noted previously [5, 10]. Fig. 2 shows that the correlation is negative for the M/E,, /1/2
queue.

Fig. 2. Correlation coefficients p(71,2) of interdeparture times in an M/E,, /1/2 queue
(m=1,2,5,10,30 and 100 from below at A = 1).

For an M/G/1/3 queue, our result agrees with Ishikawa [8] as

bo(—Abbo + b2 — B8 — Aby — AZbboby + Ab2b; — AZb2)

30
N2(1F Aby)? ’ (302)

Cov[r, 2] =

bo(—bbo — by — Abboby — b2by + B3by — 2062 — ABZb? — A2B3 + Abobs + A2bobyby)
M1 -+ Aby)?2

Cov[mn, 3] = ,

(30D)
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and
Cov[ry, ] = a}3Cov[ry, 73] n >4, (30c)

where a; = —\b; is the probability that exactly one customer arrives during a service time.
In Fig. 3(a)-(d), we plot p(ry,7,) for n = 2,3,4 and 5, respectively, for an M/E,,/1/3 queue
with b = 1 in the cases m = 1,2,5,10, 30,100 and oco. Here the correlation coefficient can
be both positive and negative but vanishes at A =0 and as A — oo.

0.1 0.1
0.075 0.075
0.05 0.05
0.025¢ 0.025
-0.025} -0.025
-0.05} -0.05
-0.075¢f -0.075
-0.1 -0.1
(a) p(71,72) (b) p(71,73)

0.02 0.02
0.015F 0.015
0.01 0.01
0.005F 0.005

—-0.005

-0.01f

-0.015¢

-0.02%

(c) p(T1,74)

-0.01

-0.015

-0.02

~-0.005

(d) p(71,7s5)

Fig. 3. Correlation coefficients of interdeparture times in an M/E,,/1/3 queue
(m=1,2,5,10,30,100 and oo from below at A = 1).

Finally, for an M/G/1/4 queue, we have

B2D,
(—2 — AXb, — 2X20% + AZbyb,)?

Cov[r, 7] = n=23,4,5, (31)

where

)\2
GDa2 = —2bAbo + 20§ — 20§ — 2Mb; — 4bA%boby + 4NGFby — 4A7B] — 26X°bob] + 2A%BG0]

—2X3b2 + bASBRby — A2b2by + A3boby by,
(32a)
“—Ds = —2b\by + 2b3 — 2b5 — 2Mby — 4bA%boby — 2M\b2by + 4Ab3by; — 62T — 2b6A3b,b?
~4A202b2 + 202632 — 6A3B2 — 2030203 — 2X\1b2 4 2X2boby + bADZby — A2b2D,
+5X30b1 by + A3b3b1by + 3A bbby — A1B2D2,
(32b)
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ADy = —4bby — 4by — 8bAboby — 8b3by + 8bib; — 12067 — 4bAZbyb? + AN6EH? — 1676362
+4/\bgbf — 12/\26“;’ + 8)\2636‘;’ — 8AZB3bT — 4/\36‘11 + 4/\315(2)17‘11 + 4Aboby + 26A*b2b,
+2/\6ng — 2Xb3bg + 12A%bgb; by + 4/\263611)2 + 4/\26361112 + 10/\3606%2 + 2/\4606?1)2
~2X%b2b2 — A3bgb§ — A4b2b, b3 — 2)\2631)3 _ 4/\36(2)1)163 — 20%b262 b3 + A1b3b, bs,

(32c)
and

Ds = 8bboby + 8b7 + 20bAbyb? + 126367 — 12636% + 28263 + 16bA20b65 — 4Xb363 + 24 \B36°
—8/\636? + 36)\26‘11 + 41)/\31)06‘11 — 8/\2bgb‘ll 4+ 12)\26317‘11 + 207365 — 4)\31)36? + 4018
—20\b2by + 2636y — 205b, — 10Aboby by — 8bA2b3b1 by — 60301 by + 4/\686162 + 4/\bgblb2
—34A%bob2b, — 4b/\?’bgb%bg — 122203026y — 4A2b362b, — 3623bpb3by — 4N3b3b7b,
—12X%bobTby + 2X2b2b% + bA3B3bE — A2b3b§ + 9X302b, b2 + 3)\3()3616% + TA*bZb7 b2
— 18363 + 422b2b, bs + 8)\3656%1)3 + AN Db bs — 201636, bybs.

(32d)

We note that Ishikawa [8] derives Cov|[r, 7,] for an M/M/1/K queue as
C (2t ) gt 2enck 33
ov[T1, o] = — K (Aw) <n<K (33)

independent of n. We have algebraically confirmed that our results in (31) with (32a)~(32c)
reduce to (33). However, Ishikawa’s results for Cov|r, 73] and Cov[ry, 4] do not reduce
to (33); thus they seem to be incorrect. In fact, our results in (31) with (32b)—(32d) are
different from the corresponding results by Ishikawa.

In Fig. 4(a)-(d), we plot p(7y,7,) similarly. By comparing with Fig. 3(a)-(d), we see
that the correlation coefficient generally increases with the capacity K.

0.125

0.075

0.05 0.05
0.025 0.025
— -
~0.025 ~0.025
-0.05% -0.05

(a) p(m1,72)

-0.02}

-0.04

(¢) p(11,74)

Fig. 4. Correlation coefficients of interdeparture times in an M/E,,/1/4 queue

0.125

0.075

—o.ozt

-0.04

(b) p(11,73)

(d) p(71,75)

(m =1,2,5,10,30,100 and oo from below at A = 1).
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