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Abstract This paper is concerned with geometric decay properties of the joint queue length distribution
p(ni,n2) in two-stage tandem queueing system PH/PH/c; — [PH/c,. We prove that, under some

conditions, p(n1,nz) ~ C(nz)n™ as n1 — oo and p(ny, ny) ~ C(n1)7*? as ny — 0o. We also obtain the
asymptotic form of state probabilities when n; is large or when n, is large. These results prove a part of
the conjecture of a previous paper [1]. The proof is a direct application of a theorem in [7] which proves
geometric decay property of the stationary distribution in a quasi-birth-and-death process with a countable
number of phases in each level.

1. Introduction

Tandem queueing systems are basic models in the theory of queues and have been studied for
a long time. However, because of complexities of their stochastic structure, their properties
are scarcely known except for cases with product form solutions. They are simplest models
of queueing networks as well as direct extensions of single queueing systems. Hence the study
of them are expected to connect the theory of single queueing systems with that of queueing
networks. In this paper, we prove geometric decay of the stationary state probability in a
two-stage multi-server tandem queueing system PH/PH/c; — /PH/co with a buffer of
infinite capacity and with heterogeneous servers.

In the ordinary one-stage queue PH/PH /c with traffic intensity p < 1, it is known
that the stationary distribution has a geometric tail [6]. Let m(n;io,7;) be the stationary
probability that there exist m customers in the system while the phases of the arrival and
service processes are iy and #; respectively, then

7T(7L; 7/.0, Zl) ~ GC()(Z()) Cl(ll) T]n, n — 09, (11)

where G, Cy(ip), C1(4,) and 7 are some constants and ~ indicates that the ratio of both sides
tends to 1. These constants other than G can be easily obtained from the phase type rep-
resentations of the interarrival and service time distributions. This kind of geometric decay
property is very useful, for example, on the computation of the stationary state probabili-
ties, or on the discussion of tail probabilities for estimating very small loss probabilities (e.g.
less than 107°) of the corresponding finite queue. The above result was further extended
for the GI/PH/c queue with heterogeneous service distributions [5].

Our main concern here is to prove a similar geometric tail property in the two-stage
tandem queueing system PH/PH/c; — /PH/c, with heterogeneous servers.

In a previous paper [1], the authors have made a conjecture on the geometric decay -
of the stationary state probability in a single-server two-stage tandem queueing system
PH/PH/1 — /PH/1 through an extensive numerical experiment. Let 7(n1, n2; io, 1, %2) be
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Asymptotic Properties in Tandem Queues 119

the stationary probability that there exist n; customers in the fist stage and ny customers in
the second stage while the phases of the arrival process and the two service processes are 7y, 71
and i,, respectively. Then the conjecture asserts that the stationary state probability decays
geometrically as n; and/or ny become large but decay rates and multiplicative constants
may be different according to the ratio of n; and njy:

G Cy(ig) C1(i1) Caliz) m™ng?,
for large ny and/or ny such that n, < any,
G Colig) C1(ir) Caliz) M 752,

for large ny and/or ny such that n; < a ! ng,

7(n1,n2; 99, i1, 92) ~ (1.2)

where o = — In(m /7, )/ In(n2/7,) and constants ng, 7, (k = 1,2) and Ci(iz), Ci(ix) (k=
0,1,2) are determined from the phase-type representations of the interarrival and service
time distributions.

In this paper, under a certain condition, we prove the geometric decay property (1.2) for |
the multi-server case PH/PH/c; — /PH/cy in two special cases, the case where n; — oo
with ny being fixed and the case where ny — co with ny being fixed. The proof uses a result
on the Matrix-geometric form solution of a quasi-birth-and-death (QBD) process with a
countable number of phases in each level [7].

The remainder of the paper is constructed as follows. In Section 2, we describe our
two-stage tandem queueing model and state our main theorems in Section 3. The result of
[7] is briefly summarized in Section 4, and we prove the main theorems for a single-server
case PH/PH/1 — /PH/1 in Sections 5 and 6. In Section 7 we give an outline of the proof
for the multi-server case PH/PH/c; — /PH/cy,. In many places of the proofs, we use
properties of solutions of four key systems of equations given in Section 3. These properties
are proved in Appendix.

2. Model Description

We denote by PH(a, ®) a phase-type distribution represented by a continuous-time, finite-
state, absorbing Markov chain with initial probability vector @ = (a,0) and transition rate
P® v
00
~a + & is irreducible, or equivalently —a®~* > 0.

We consider a two-stage tandem queueing system (Figure 1). Customers arrive at the
first stage to be served there, move to the second to be served there again, and then go out
of the system. The k-th stage (k = 1,2) has c; servers and a buffer of infinite capacity,
so that neither loss nor blocking occurs. Interarrival times of customers are independent
and identically distributed (i.i.d.) random variables subjecting to an irreducible phase-type
distribution PH(c,T'). Service times at the j-th server of the k-th stage (j = 1,2,...,¢cx)
are also i.i.d. variables subjecting to an irreducible phase-type distribution PH(B;, S;)-
These interarrival and service times are assumed to be mutually independent. Customers
are served under the first-come-first-served (FCFS) discipline and those who find multiple
servers being idle choose an idle server randomly according to state-dependent probabilities.

The state of the system is represented by a vector (ni, n2;i0; 11, - - -, t1e;; 8215 - - - 5 12¢5),
where ny is the number of customers in the k-th stage, iy is the phase of the arrival
process, and ix; is the phase of the service process at the j-th server of the k-th stage
(1=1,2,...,cx; k=1,2). The index iz; is interpreted to be equal to zero if the correspond-

matrix & = [ ] (see [4]). The phase-type distribution is said to be irreducible if

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



120 K. Fujimoto & Y. Takahashi & N. Makimoto
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Figure 1: Two-stage tandem queueing system

ing server is idle. Then the system behaves as a continuous-time Markov chain, which we de-
note by {X(¢)}. For brevity of notation, we sometimes abbreviate the vector representation
(M1, M25 905911y - -+ - b1eq3 8215 - - - 5 12¢,) @S (M1, Mo} %0, 11, 12), Where 4; should be interpreted as a
vector (i11,.-.,%1c,) and iy as a vector (ig1,- .., i2c,)-

We denote the traffic intensity at the k-th stage by pr = A/ X755, ux; where 1/X is
the mean interarrival time and 1/py; is the mean service time at the j-th server of the k-th
stage, and assume p;, po < 1 so that the chain is stable and has stationary state probabilities

71'(711,712; 2032115 -+« l1ery 2215 - - ,chz)-

3. Main Theorems

The (marginal) queue-length distribution of the first stage clearly has a geometric tail as
proved in [6], since the behavior of the first stage is not affected by that of the second stage.
Our concern is the tail property of the joint queue-length distribution of the first and the
second stages or the asymptotic behavior of the stationary state probabilities.

We prepare some notations. Hereafter, k represents the stage number and takes a value
1 or 2, and j represents the server number and runs from 1 to c¢;. We denote by I the
identity matrix and e the column vector of all entries equal to 1. The order of them may
be finite or infinite and is understood so that expressions are well defined. If we need to
emphasize the order of them, we attach a suffix “0” or a double suffix “kj”. For example,
I, is the identity matrix of the same order as T' and ey; is the column vector of the same
order as S; with all entries equal to 1.

We set

¥o = —Te and Yij = —Skj €kj-

Then the Laplace-Stieltjes Transforms of the interarrival and service time distributions are
given by

T*(s) = a(sIy — T) 'y, and S;j(s) = By; (sIy; — Skj)_l'ykj . (3.1)
Now we shall state our main results. We start from the case with n; — oo.
Consider the system of equations for A, s, s11, ... , S1¢;
T*(sg) = h,
St(si) =R  j=12,...,c, (3.2)

S0+ 811+ -+ S, = 0.
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Asymptotic Properties in Tandem Queues 121

As will be proved in Lemma 8.1 in Appendix, the system of equations (3.2) has two
solutions, one of which is (h, s, 811,-- -, S1e,) = (1,0,0,...,0). We will denote the other

solution as (h, sp, 811, - -, $1¢;) = (M1,00,011,---,01¢,)- Then from the stability condition
p1 < 1, we will see in the same lemmma that 0 < <1, o9 > 0 and o0y; < 0.
Using 1, above we consider another system of equations for h, sg, 511, - - -, S1c1, 521, - - - » S2¢5
T (50) =T,

Sfj(slj) = n;1h7 .7 - 1721 -+ C1,
S3i(s25) = b1, j=1,2,..., ¢y,
So‘|‘811—|—“‘+81¢1+821+“‘+$262 =0.

(3.3)

The system of equations (3.3) has again two solutions as proved in Lemma 8.2. One of

them is (A, 80, 811, - - - 5 S1e1, 821, « - - 5 8265 ) = (1,00, 011, -+ -, 01¢,,0,...,0), and we will denote
the other as (A, 8o, 811, - - - 811y 821, - - 5 S2c) = (725 W05 Wil - - - s Wicy s Wat,s - - -, Wae, ). Clearly
wp = 0p. Associated with this solution, we introduce row vectors
-1 -1
Wy — (CUQIO — T) and Wg; = ﬁkj (wijkj - Skj) . (34)

Using 7y, 72 and vectors above, the first theorem is stated as follows.

Theorem 3.1. If n, < 1, for fixed no, g, i1 = (i11,---,%1¢,) and iy = (i21,...,%2,), the
stationary state probability decays geometrically with rate n; as n; — oo:

(N, na; i, i1, 32) ~ G1(na;to; i1,92) 7. (3.5)
The multiplicative constant Gy(ns; ig, 11, 32) decays geometrically with rate 7, as ny — oo:
G1(no;ig, 11, 02) ~ Go Cy(ip) C1(i1) Caiz) 052, (3.6)
with
Ci(i1) = Cr1(11) -+ - Ciey (f1c,) and  Cy(ia) = Co1(ia1) -+ Cocy (T2¢,);

where Cy(i) is the i-th element of wy, Cy;(i) is the i-th element of wy;, and G, is a constant
independent of ns, 19,7, and is.

Next we shall state our result for the case where n, — oo. We will use symbols with
bars for quantities related to this case.

As will be proved in Lemma 8.3 in Appendix, the system of equations for h, s¢, 21, - - -, S2¢,
T* (50) e h,
5i(525) = ht, j=1,2,..., ¢y, (3.7)
50+521+"'+5262 =0
has two solutions, one of which is (h, g, S21, - - -, S2¢,) = (1,0,0,...,0). We will denote the
other solution as (h, so, 821, .-, 82¢,) = (T3, 00,021, .--,02,). For the solution, from the
same lemma, we see that 0 <7, < 1,7y > 0 and 7,; < 0.
For 7, above, from Lemma 8.4, the system of equations for h, sg, 511, - - -, S1¢,, 8215 - - -, S2¢,
T*(SO) = h,

Sfj(slj):"_hhﬁl’ j:172""7cla
S;j(SZJ') = ﬁ;lﬂ j = 1a2a‘ -+, C2,
89+ 811+ -+ 81, + 821 + -+ 8, = 0.

(3.8)
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122 K. Fujimoto & Y. Takahashi & N. Makimoto

has also two solutions, one of which is (h, sg, 11, .., S1¢15 521, - - - S2¢;) = (1,70,0,...,0,
O21,---,02;,). The other solution is denoted as (h, Sg, S11,- - -, S1c15 8215« - - » S2¢,) = (71, Do,
Wity - - Wieys W21, - - -y Wae, ). Clearly wy; = &y;. Associated with this solution, we introduce

Tow vectors

-1

Wy =« (U()IO - T) and _'lIJ—kj = lBkj (wijkj — Skj)ﬁl. (39)

Using m1, 75, 7; and vectors above, the second theorem is stated as follows.

Theorem 3.2. 1If g < 7, and 7; < 7,, for fixed nq, ip, 41 = (i11,---,%1c,) and iy =
(421, --,72¢,), the stationary state probability decays geometrically with rate 7, as ny — oo:
m(n1, ma3 G0, 11, 52) ~ Ga(na;io; i1, is) 75" (3.10)

The multiplicative constant Go(n1; 49, %1,42) decays geometrically with rate 7, as n, — oo:

Ga(na; o, 11, 12) ~ G1 Co(ig) C1(41) Caliz) T (3.11)
with
61@1) = 611(7511) ce Ulcl(ilcl) and 62@2) = 621 (i21) T 62@(1'2(;2),

where Cy(4) is the i-th element of Wy, C;(i) is the i-th element of @y;, and G} is a constant
independent of nq, ig, 71 and is.

Remark 1. The decay rates n; and 7, have the following properties. These properties are
easily proved from lemmas in Appendix.

1. The decay rate 7; is a monotone increasing function of p;, and 7, | 0 as p; | 0 while
m T 1as p; T1. The other decay rate 7, is less than 1 if p, is small but it may exceed
1 if po becomes large. 7, can be regarded as a function of both p; and p,. For fixed
p1, it is a monotone increasing function of p; and 7, | 0 as py | 0.

2. A numerical experiment shows that 7 < 1 in most of two-stage tandem queueing
systems, and hence Theorem 3.1 holds in a wide range.

3. The decay rate 7, is a monotone increasing function of ps, and 7, | 0 as p, | 0 while
7y T 1 as pa T 1. The other decay rate 77, is a function of p; and p,, and for fixed p; it
is a monotone increasing function of p;. As p; L 0,7, L 0, and as p; T 1, 7; T n2. This
means that 77; may exceed 1.

4. For the condition 7, < 7, to hold, p; must be greater than some positive value. Hence
Theorem 3.2 holds only in some limited cases.

Remark 2. The authors have never succeeded to give an intuitive interpretation for the
condition 72 < 1 of Theorem 3.1 and the condition 7y < 7, and 7; < 7, of Theorem 3.2.
Related discussions are given for single-server tandem queues M AP/PH/1 — /PH/1 in [3]
and GI/M/1 — /M/1 in [2].

Remark 3. It is well known that the marginal queue-length distribution of the first stage

pl(nl) - Z ﬂ-(nl)nZ;iﬂailaiZ)

n2,10,1,%2

has geometric tail with decay rate n;. 1t also can be shown that, if the conditions in
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Theorem 3.2 hold, the marginal queue-length distribution of the second stage

pa(na) = . m(n1,nag;ip, i1, 72)

ni ,1:0 ,1:1 ,iz

has geometric tail, too, but with decay rate 7,. Its proof requires some extra pages, and it
will be presented elsewhere.

Remark 4. The constant Gi(ng; g, 1, 92) in Theorem 3.1 is given by the corresponding
element of p in Lemma 5.2 up to a multiplicative constant. Using the geometric decay
property of p;(n;) in Remark 3, we can see that p up to a multiplicative constant gives the
conditional state probabilities when n; is sufficiently large. From the proof of the lemma,
p is directly derived from stationary distribution pp, of a certain QBD process with a finite
number of phases. Since pp, is of the matrix-geometric form, we can easily obtain the value
of G1(na; 1y, 11, 12) by numerical computation.

The constant Ga(n1;ig,11,i2) in Theorem 3.2 corresponds to the element of p given in
Lemma 6.2. It is also easy to get numerical value of P from the steady-state distribution of
a QBD process. When n, is sufficiently large, using the geometric decay property of pa(n2)
in Remark 3, the conditional state probabilities is given by P up to multiplicative constant.

4. Geometric Decay Property in a Quasi-Birth-and-Death Process with a Count-
able Number of Phases

To prove the theorems, we use the corollaries in [7]. These corollaries are summarized as
Proposition 1 below.

Consider a continuous time positive recurrent Markov chain {X (¢)} on the state space
S = {(m,i); myi = 0,1,2,...}. The state space S is partitioned into subsets L,, =
{(m,4);1=0,1,2,...}, m =0,1,2,..., called levels. When partitioned by levels, the tran-
sition rate matrix Q of {X(¢)} is assumed to have a block-tridiagonal form:

BO AO
C, B A
Q= ¢ B A . (4.1)
c B -

Such a chain is called a quasi-birth-and-death (QBD) process with a countable number of
phases in each level. The stationary vector = of the QBD process is also partitioned as
(70, 71, - -+ ) according to L,,’s.

Proposition 1. We assume that diagonal elements of —B and —Bj, are bounded by
d(< oo) from above and that there exist a positive constant n < 1 and positive vectors p
and q satisfying

p(n'A+B+nC) =0, (4.2)
(n'A+B+nC)q=0, (4.3)

n'pAq#npCaq, (4.4)
pe <oo, and pgqg < oo. (4.5)
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124 K. Fujimoto & Y. Takahashi & N. Makimoto

If 1 ¢ < oo and if the matrix Q' formed from Q by deleting rows and columns corresponding
to states in Ly is irreducible, then 7 has a geometric tail:

T~ Cn"p, as m — oo. (4.6)

For the proofs of Theorems 3.1 and 3.2 in the preceding section, we apply this proposition
for partitions by the number of customers in the first or the second stage.

We also prepare some properties related to phase-type distributions. We will denote by
® and & the Kronecker product and the Kronecker sum operations.

Let PH(a,®) be an irreducible phase-type distribution and put v = —®e. Then the
LST of the distribution and its derivative are given by

d*(s) = a(sI — @) 'y and ¥ (5) = —a(sI — &) 2. (4.7)

Especially, the mean of the distribution is given by —®*(0) = a(—®) 2y = a(—®) 'e.
Note that ®*(s) can be considered as a function of s on the interval (¢, co) where ¢ < 0 is
the abscissa of convergence.

Lemma 4.1. For h > 0 and s > ¢, the equation
z(h'vya+®) =s=x (4.8)

has a positive solution @ if and only if ®*(s) = h. If ®*(s) = h, then 2 = a (sI — ®)7* is
a unique positive solution of (4.8) up to a multiplicative constant.

Proof. From (4.8) we have @ (sI — ®) = (b 'xv) a and hence
z=(h'zy)a(sI - ®) " (4.9)

Postmultiplying +, we have v = h '@~y ®*(s). This implies that, if the equation (4.8)
has a positive solution, then ®*(s) = h. Conversely, if ®*(s) = h, by substituting @ with
a(sI — ®) ' the left hand side of (4.8) is rewritten as

a(sI-®) ' (h'vya+®) =hr'®(s)ata(s]I—-@)'P
—a—-a(sI-®) ' (sI-®)+sa(s]—®)!
= sa(sI— @)L
Hence # = a (s I — ®)7! is a solution of (4.8). The positivity of @ (s I — ®)~! is clear from

the irreducibility of the distribution. The equation (4.9) indicates that @ (sI — ®)™! is a
unique solution up to a multiplicative constant. N

Lemma 4.2. For irreducible phase-type distributions PH (a;, ®;) with v, = —®P;e, i =

1,2,...,¢, and for positive numbers hq, ho, ..., h., the vector equation

:B{(hl_l'yla1+@1)@---e§(hc_lﬁycac+<§c)}:0 (4.10)
has a positive solution @ if and only if there exit real numbers si,ss,...,5. such that
®F(s;) =hi;,1=1,2,...,¢c,and s;+82+- - -+8. = 0. The solution is given by ¢ = 1 ®- - -Qx,
with #; = a; (s; I; — ®;)", i =1,2,...,¢, up to a multiplicative constant.
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Asymptotic Properties in Tandem Queunes 125

Proof. First we prove “if” part. From Lemma 4.1 we have
:c1®---®:cc{(h1_171a1+‘111) Q- D (h;l'ycac—FtI)c)}

=2 (h 7101+ 81) Q2@ @B+ +T1® - @1 @ T (b ¥, B + D)
=(s1+ - t+s )z Q@ --Qz, = 0.

Thus @ is a solution of (4.10). For the proof of “only if” part, we write ¥ = (hfl v,a1 + @1)
@@ (h;'v,a.+ ®.). From the irreducibility of PH(a;, ®;), the matrix ¥ is irreducible
and its Perron-Frobenius eigenvalue is simple. The equation (4.10) implies the Perron-
Frobenius eigenvalue is equal to zero.

Since ¥ is a Kronecker sum of ¢ smaller matrices, its simple Perron-Frobenius eigenvalue
is a sum of Perron-Frobenius eigenvalues of the smaller matrices. From Lemma 4.1 such
eigenvalues have to satisfy ®(s;) = h; and s; + s2 + -+ + s, = 0. [ |

5. Proof of Theorem 3.1 for Single Server Case

First we prove Theorem 3.1 for the single server system PH/PH/1 — /PH/1. In this case,
c1 = c; = 1 and the state of the Markov chain {X ()} is written as (n1, n2; %9, %1, 42) in which
i1 and 75 are no longer vectors but integers. Double suffices in symbols such as Sj; and ws;
are also replaced with a single suffix as S and wy.

We arrange the states (ni,ns;io,%1,12) in lexicographic order and partition the state
space according to nq, i.e., we let

Em = {(nl,nz;io,il,iz) |7Z1 :m}, m:O,1,2,.... (51)

We denote by Q the transition rate matrix of the chain corresponding to the arrangement
above and by 7 = (7, 71, - --) the stationary vector partitioned according to £,,’s. Then
Q is of the block-tridiagonal form as (4.1) with

Yoo @ I \
, Yo @I @ I,
A= Yoa®I, @I, 1, (5.2)
Yor @ I, ® I,
T3S,
Lyl @y, THS, DS,
B = LiolLev,8, TS S, 8, ' , (6.3)
ILiRIi@v,8, T®S1® S,

and
o Iy ®@ 76, ® B,
o I0®71IB1®12
C = o Iy@v,8, 1, .(5.4)
o .

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



126 K. Fujimoto & Y. Takahashi & N. Makimoto
Then {X (¢)} is regarded as a QBD process with a countable number of phases in each level.

Now we shall apply Proposition 1 and prove Theorem 3.1 by taking n = 7; and suitably
defining vectors p and q. First we introduce several matrices and vectors including g, and
then we check in Lemmas 5.1 ~ 5.3 that the condition (4.2) ~ (4.5) of the proposition hold.
The geometric decay of the limiting vector p will be proved in Lemma 5.4.

Let

B, A,
C, B A
K=n'A+B+nC = ¢ B A
C B
Then from (5.2), (5.3) and (5.4)
Ay = mlo ® v,168, @ By, A = Mo ® 716, ® I,
By = n{'va @I, + T ® Sy, B =9l @l,+T® S, &S, (55)
C, = Io® I ® s, and C = Io ® It @ v,3,.

We define row vectors and column vectors as

uy = a(ogly —T)7Y, ui = By(o1d1 — S1)7%, uy = By(—82)71,

(5.6)
Vo = (0'010 — T)—~170 and v = (0'1.[1 - Sl)_l'yl .

Since wy = 0y, the vector uy is the same as w, defined earlier. But for symmetry of
expressions, we introduce another symbol here. Note that, from Lemma 4.1, u, is a solution
of the equation wug(n; vy + T') = opuy. Other vectors are solutions of similar equations,
too. These equations will be frequently used in the proofs of subsequent lemmas.

From (4.7) and the fact that (71, 00,01) is a solution of the equation (3.2), these vectors
are related with LST of interarrival and service time distributions as follows.

UpYy = Vgy = T*(Uo) =T, U1y, — ﬁlvl = Sf(ffl) = 771_17

ugvg = —T* (0p), wv; = =S (07) and wge; = —S3'(0).

(5.7)

Since A+ B+ C = (i vy +T) ® (mv18, + S1) ® (728, + S3), it follows from Lemma 4.2
that

(up@u, @us)(A+B+C) =0, (A+B+C)(vy@v,®e;) = 0. (5.8)

Let us define a column vector

Vy ® v
’U()®'Ul®62

1= [ vy®v,@e (5.9)

Lemma 5.1. The vector q is positive and satisfies Kq = 0.
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Proof. The positivity of q is clear from the definition. The vector K q is written as

AO(UO v ®ey) + BO(UO ® v1)
(A+ B)(vo®v1 ® €3) + C1(vy ® v1)
(A-!— B+ é)(’vo ®v1 @ e)
(A+ B+ C)(vy®v; ®ep)

\ :

From (5.8) the subvectors of K g corresponding to L,,, (m > 2), are equal to zero vectors.
For the first two subvectors we can also check that they are equal to zero vectors. ||

To prove the next lemma, we need another notation. For an arbitrary column vector ¢
we let diag(¢) be the diagonal matrix having elements of ¢ in its diagonals. The operator
diag(-) satisfies the following relations for column vectors ¢ and : '

diag(¢p ® ) = diag(¢) ® diag(vp),  diag(p @ 1p)™" = diag(¢)™' ® diag(yp) .

Lemma 5.2. If 7, < 1, there exists a positive vector p such that

pK =0, pe < oo, and pg < oco.

Proof. To use a property of an ergodic Markov chain, we transform K so that it becomes
a transition rate matrix. Let D = diag(q) and

D'AD
DBD

where D, = diag(vy ® v1) and D = diag(vy ® v, ® ;). Since Kpe =D 'Kq=0, Kp
is a transition rate matrix of a QBD process with a finite number of phases in each level.
Theorem 3.1.1 in [4] says that K p is ergodic if and only if

-1~ ~

#(D 'AD)e < #(D '€D)e, (5.10)
where 7 is a positive row vector such that

#(D'AD+D 'BD+D 'CD) = #D (A+B+E)D = 0.
From (5.8) we know that 7 is written as (uy ® u; ® u,) D up to a multiplicative constant.

We shall evaluate the both sides of (5.10) using Lemma 4.1:

D ADe = ('l.L()®'lL1 ®’U.2)-(771[0@71,[31@1-2)'(’Uo®'01®62)

= T UgVo T U2€z = 7 T*’(JD) S;’(0)7
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and
%b_lébe = (UO & uq ®U2) . (Io X I1 (029 72,32) . ('UO KU1 82)
= UpUgp * U1V - 1 = T*I (0’0) S;I(O'l).
Therefore, the difference of the both sides of the inequality (5.10) is given by
#(D 'AD)e — #(D 'CD)e = T" (0y) {nfls;’(o) ~ S;’(al)} : (5.11)

If 7y < 1, the quantity in the braces is positive from Lemma 8.5 in Appendix, and hence
the inequality (5.10) holds. This proves that K p is ergodic under the assumption of Theo-
rem J3.1.
Since K p is ergodic, there exists a positive vector pp, such that pp, K p = 0 and ppe = 1.
Then,
_ -1
p=ppD (5.12)

is the desired positive vector. In fact,
pK:pDKDD_I:O, pq=ppe=1<oo,

and
pe<dipq<d <oo,

where d; is a positive number such that e < d; q. |

Lemma 5.3. For p given in (5.12) we have 7;'pAq>mpCgq.

Proof. Let
I, @I,
I, I, ® ey
E=)rehLoe |

then

q = E('Uo®'01), KE = E(n;170a+T>@(7}17161+51), (5 13)

AE = E(yvpa®I,) and CE = E((I,®~,68,),
and hence
m'Ag=E(v,®v1) and m Cq=E(v;®). (5.14)

Note that a postmultiplication of E implies an aggregation of states into aggregated states
with common states of the arrival process and the service process at the first stage while
the state of the second stage is ignored. Postmultiplying E to the equality p K = 0 and
applying (5.13), we have

pE {(U;I‘YOQ + T) @ (m76, + 51)} = 0.

From Lemma 4.2, pE is a constant multiple of ug ® u;. If we let the multiplicative constant
be H, we have

n 'pAq — mpCq = pE(y,®@v1) — pE(vy ®v,)
= H {wo7, - w11 — wpUp - Ury; }

= H {~T"(00)S; (1) + T (70)S; (01) } .
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The quantity in the braces of the right most hand side is positive from Lemma 8.6 in
Appendix, and the inequality of the lemma holds. |

Lemmas 5.1~5.3 above show that the constant 7, and positive vectors p and q satisfy
the conditions (4.2)~(4.5) in Proposition 1. The remaining is to show that w1¢ < oo and
that the matrix Q' is irreducible. The former is trivial from the fact that there exists a
positive number d; such that g < dye. The latter is easily checked using the irreducibility
of the interarrival and service time distributions. Thus we have proved (3.5) of Theorem 3.1.

To prove the tail property of p, we introduce a subpartition of each £,,, m > 1,
o = {(n1, n2; %0, 01, 92)| 1 = M, Ny = n}, n=0,1,2,...,
and we divide the vector p as (p(0), p(1), ...) according to this subpartition.
Lemma 5.4. The vector p given in (5.12) has a geometric tail:
p(n2) ~ G' 1}? wy @ wi @ wy, as mg — 00,

where G' is a constant and wy, w; (= wi1) and w, (= wa) are vectors defined in (3.4).

Proof. By the QBD structure of the transition rate matrix K p, we can apply the matrix
analytic theory by Neuts [4]. Let Rp be the rate matrix of Kp. Then it is the minimal
non-negative solution to the matrix equation

~ 1 ~

D AD+ RpD 'BD+ R,D

'¢b =o. (5.15)
Since p = pp, D!, we know that .
p(n2) =p() DRy D ~ G &p D", as ny = oo,

where G" is a constant, 7} is the Perron-Frobenius eigenvalue of RpandZpisa corresponding
left eigenvector: Zp Rp = 7@ p. Then by premultiplying &p to the equality (5.15), we have
S L I NP
0=2apD (7 A+B+nC)
e A 1a __
= &pD (e +T) & (n'imBr + S1) @ (T 78; + S2)] -
Since 7 < 1, from Lemma 4.2 and Lemma 8.1, 53D1~7R1 is a constant multiple of w@w; @w5:

:ian)_l' = G" wy @ w; ® w,.
This proves the lemma. |

Lemma 5.4 proves (3.6) of Theorem 3.1, and this completes the proof of the theorem.
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6. Proof of Theorem 3.2 for Single Server Case

Next we prove Theorem 3.2 for the single server system PH/PH/1 — /PH/1. In this
section we use the same convention for the double suffices as in the last section.

We rearrange the states (mny, ng; o, i1,%2) of {X(¢)} first in the order of ny and then in
the lexicographic order. We define a new partition of the state space by

Lm={(n1,n2;%,01,02)|ne =m}, m=0,1,2,.... (6.1)

We denote by Q the transition rate matrix of the chain corresponding to the arrangement
above. Then, if we partition according to £,,’s, Q is of a block-tridiagonal form

B, A,
C, B A
g-| ©Ba | (62)
C B
where
O
IO®’Y1®I2 o
A= Iy, @6, ®1I, o , (6.3)
I,@v,8,® 1, o
TS, va®pB, eI,
TS S 808, vwal, eI,
E: T@Sl@SQ 70a®Il®I2 s (64)
ToS, &85, '
and
IO®"/2/62
I, ® I, ®v,08,
C = I, @I, @ v,0, . (6.5)

I, ® I, ®@v,0,

We denote by & = (7, 71, ---) the stationary vector of {X ()} partitioned according to
L.’s.

We shall show that the conditions of Proposition 1 hold if we take n = 7, and if we
define vectors P and @ suitably. Similar to the preceding section, we first introduce several
matrices and vectors including g, and then we check in Lemmas 6.1 ~ 6.3 that the condition
(4.2) ~ (4.5) of the proposition hold. The geometric decay of the limiting vector p will be
proved in Lemma 6.5.
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Let PN
By, A,
C. B A

K= (7,"A+B+7,C) = C B A . (6.6)
C B
Then from (6.3), (6.4) and (6.5)
ZOZ’YDC‘@ﬂl@Iza Z:‘yoa®I1®I2,
By = T & Sy + 7,10 ® 7,05, B=T®5 &S+l 7,8, (6.7)

C, =71 ®v,®I, and C =m'I,®v.6, ® L.
We define row vectors and column vectors as
wy = a(ooly —T)', T =B(-81)", Uy = By(Tals — S2)7F,

(6.8)
Ty = (EOIO — T)Ml‘}’o and Uy = (521-2 - Sz)_1’72 .

Since Wy = T, the vector wy coincides with W, defined in (3.9). These vectors are solutions
of equations of a type given in Lemma 4.1. They are related with LST of interarrival and

service time distributions as follows:

WYy = Ty = T7(To) = T, Uy, = B0 = 57 (71) = ﬁgla

WUy = —T*,(OO)’ U101 = _STI(UI) and Uze = _S;,(O) ’

We define

(6.9)

vy ® Vo

Tiz Wy ® e ® Uy

Q)
I

Ty 200 @ €1 ® Ty

Lemma 6.1. The vector g is positive and satisfies Kq = 0.

The proof is straightforward from Lemma 4.2.

Lemma 6.2. If 7j; < 7,, then there exists a positive vector P such that

pK =0, pe<oo and Ppgq < oo.

Proof. Asin Lemma 5.2 we consider the transformation K5 = D'KDoK by D =
diag(q):

( D, BoDo 7D, 4D
ﬁzﬁwlﬁl/ﬁo D 'BD ﬁ;lﬁ_IZﬁ
Ky = D CD D BD 7D AD :

7D CD D 'BD
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where D, = diag(Ty @ U3) and D= diag(vVy @ e; @ U2). Ky is a transition rate matrix of
a QBD process with finitely many phases in each level. The ergodicity of K is proved as
follows.

From Lemma 4.2, the vector & = (@ @ W, ® W,) D satisfies the equation

# (,'D "AD+D 'BD+7,D CD) =o. (6.10)
A direct calculation shows that
7 (ﬁ;lﬁ_lzﬁ) e— 7 (m ﬁ—lﬁﬁ) e
= T, WoYo - 0T - W€y - UaTy — Ty Wy - Ty Wr Yy - By €1 - WaDo
= S5(72) {T"(70) S (0) — T (70) S1(0) } -

If 7; < 7, the quantity in the braces of the right most hand side of the above equation
is positive from Lemma 8.7 in Appendix, and hence from Theorem 3.1.1 in [4] the Markov
chain Ky is ergodic under the assumption of Theorem 3.2.

Thus there exists a positive vector pp such that p5 K5 = 0 and ppe = 1. Then,
R
p=ppD (6.11)
is the desired positive vector. In fact

PK=p5;K;D =0, pg=pye=1<oo and Pe<dpqg<ds < oo,

where d; is a positive number such that e < d;g. [ |

Lemma 6.3. For P given in (6.11) we have 77, 'pAq > 7, pC q.
Proof. We note that, from (6.6) and (6.7), K is written in the form of a Kronecker sum
K =L & (S + 77,8, — 7215). (6.12)

with some matrix L. In order to derive a detailed structure of p, we shall decompose related
matrices and vectors in a similar manner to (6.12). K is decomposed as

K5 = L5 & (S2+ 0,7,8; — 72I), (6.13)
where
T M2 Yol @ T
Iyey, Ta&S mHAyael
Ly = Iy ® 76, T®S, m'F,axl — 7,  (6.14)
Io® Y54 Tes
and R N
T = diag(vy) ' T diag(vy), S, = diag(vs) ™ Sy diag(vs),
& = a diag(By), B, = B, diag(T,),
o = diag(vy)*~,,  and ., = diag(v2) " v,.
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The matrix I in (6.12) is given as L in (6.14) by removing hats. g and D are decomposed
as § = Gy ® U and D = Dy ® diag(v3), where
Vo
T T ® e

ﬁg_zﬁo ® e and D‘E = dmg(qf).

It is easily checked that gz > 0 and Lgr = 0, or equivalently Lse =0. Hence Ly is a
transition rate matrix of a QBD process with a finite number of phases in each level. The
ergodicity of Ly is clear from that of K, and there exists a stationary probability vector
pip of the chain:

pio Ly =0 and Pipe =1
Using this Pyp, we can decompose p and p as follows:

— — \—1 = — . — — — V1= 31 o
Pp = (W) ' Prp ® W diag(T:)  and P = (W) prp Dr @

Now we evaluate the both sides of the inequality of the lemma. Since Cq =7, gz ® s,
we have

= el el 1 -
1, PCq = (W) Prp Dr Gz Ty, = T (WaT2) 7, (6.15)
where we use the relation ﬁmﬁil gr = Prpe = 1. On the other hand, since
0
=l | €0 ® 71 Q€
772 D q - €y ® ‘71 ® € )
we have
0
R R € ® v,
' PAq =7,'pPsD  Aq = Drp e0®v, |- (6.16)

Note that eg ® v; = (Ip ® v,81)(eo ® e1). This means that the ith element of ey ® «; is
the rate that the Markov chain L3 at state (n,7) goes down to level (n — 1). Hence the
quantity (6.16) is the rate that the chain L7 goes one level down in the steady state. From
the balance equation, this rate is equal to the rate that the chain goes one level up:

Yo I,
e Yo ® € _ - . I, ®e;
M, ' PAG = Prp Jo0e | = Pr5EtY,, with Ef= I,oe |- (6.17)

By postmultiplying E7 to the equation 0 = Pz Lz, we have
T + 7oy + 77 Fpx
05T g - | 0L Fa)@e
= Pip&pPL = PIp (T+52I2+ﬁ2—1"770a)®61

= P15 BE7 (T + 713 + 75 '7,0).
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This indicates that pzp E7 can be regarded as the stationary probability vector of a Markov
chain with transition rate matrix T + G5 + 75 1’70a, and is given by

pr5 Er = (W0o) ' Wo diag(Dy).
Thus, from (6.17), we have
T, PAG = (W0o) Wy diag(To)d, = (Do) * - Ty (6.18)
Therefore, from (6.15) and (6.18) we have
T PAG-T,PCq = (W) (W) {7 (ws%2) " — (W) 7'
= (@) (@00:) " {~T"(00)S5 (@) + T (00)S3(72) } -

From Lemma 8.8 the right hand side is positive, and this proves the lemma. ||

Lemma 6.4. If n; <7,, then g < .

Proof. Since 7w < Y.°°_®m, we have
[e o]
g < Y, TG (6.19)
m=0

The behavior of the first stage of our tandem queueing system is not affected by the second
one, and the stationary marginal probability vector > °°_, 7, of the first stage decays ge-
ometrically with rate n, as n; — oo [6]. Since g decays with rate 7, ", the inner product
Yoo o Tmq is finite if 7, /7, < 1. |

To see the asymptotic form of P, we consider a subpartition of each L,
ln = {(n1; 90,01, 92) |y = n}, n=0,1,2,...,
and denote by B = (P(0), P(1), ---) the row vector P partitioned according to I,,’s.
Lemma 6.5. If7; <1, then
plny) ~ G TP Wy W) ® Wy,  as 1y — 00,
where G is a constant and W,, W1 (= wy1) and Wy (= Way) are vectors defined in (3.9).

Proof. In a similar manner to the proof of Lemma 5.4, we apply the matrix analytic
theory by Neuts [4] to the rate matrix K5. Let Ry be the rate matrix of K4 satisfying

D 'AD+Ry;D BD+Ry,D CD-=0. (6.20)
Since P = pp D, we know that

= N1

p‘(nl) = 1_)(1) D Rﬁ ﬁil ~ _G—” 0t i/i?'D*ﬁ , as mni; — 0Q,
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where G” is a constant, 7 is the Perron-Frobenius eigenvalue of Ry and Z5 is the corre-

sponding left eigenvector: 5 Ry = 7 Zx. Then by premultiplying Z4 to the left hand side
of (6.20), we have
0=2a5D (7 A+B+iC)
~-1

= 25D [(Tva+T)® (7'7718, + S1) @ (7,728, + S2)] -

—~—1
From an extended version of Lemma 4.2, in order that the positive vector Zz D = satisfies
the above equation, there exit sg, s; and ss such that

T*(s0) = 70,
Sfj(51> =T, ",
S3i(s2) = T2t
So+ 81+ 52 = 0.
These equations are the same as (3.8) in the single server case, and hence sq = @y, s; = @y,

s; = Wy and 7] = 7j; since 7] has to be less than 1. Again from Lemma 4.2, we know that

. —-—1 —in___ o .
iEBD :G w0®wl®w27

where G is a constant. This proves the lemma. |
Lemma 6.5 proves (3.10) of Theorem 3.2, and this completes the proof of the theorem.

7. Extension to Multi-server Case

The proofs in Sections 5 and 6 for Theorems 3.1 and 3.2 can be extended straightforwardly
to the case with heterogeneous multiple servers in each stage. In this section, we give brief
comments on the proofs of the theorems.

The state space of the Markov chain {X(¢)} is divided in a similar manner to (5.1), but

here i, should be regarded as a vector (i11, ..., %1, ) and iy as a vector (i11,-..,%c, ). In this
case matrices A, B and C in (4.1) are of the form
Ago
Aqy
A - AC161 5 (71)
AC1C1
Ac1c1
By
B, B,
B s Bcl(,'1~1 Bc1c1 y (7'2)
BCl+1Cl BClcl
BC1+161 B6101
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and
O Con
O Ci,
C = O CClCl+1 s
0 Cc1c1+1
9]
where
Ap = 7@ I11 @+ @ I,),
A, = 70 I11 Q- Q@I14) @ (In ® -+ ® Iae,),
By = T®(S11®---® Sie,),
By =T®(S11® - @DS16,) D (S @D Sy,),
Bcl+1c1 = I,® (Ill Q- ® Ilcl) & (721621 D--- B ')’2cg,32c2)7
Cc1C1+1 - IO & (')’11,311 DD ’chlﬁlcl) & (121 @@ Izcz)a

and other matrices are very complicated for writing down explicitly here since £,, for 0 <
m < c¢p consists of states corresponding to various combinations of busy and idle servers.

The proof of Theorem 3.1 for the multi-server case is parallel to that for the single server
case given in Section 5. In this section, we use some symbols without explicit definitions
if the meaning of them are easily understood from the corresponding ones defined for the

single server case. For the solution (7, 09,0711, .-

vectors
Ug — a(UOIO —T)ila
uyy; = Byyloyly — Siy) ™ J=L2...,a,
uzy = By (—S2)7, i=12 e,

Vg = (UOIO - T)fl')’()a

and vy = (Ulelj — Slj)_l’)/lj , 7=12...,¢.

These vectors satisfy similar relations to (5.7). The vector g is defined as

VRV QU2 @ - QU1
Vo R®U11 QO V128 - Q Vi, D€y
'Uo®'011®’012®"'®’0161®62

VRV V12X QUi D €y ’
VRV RQUIR® - QUi Ve Ve @& ey,
VU1 V2R - QUi @ €180 QR -+ R €3¢,

.,01¢,) of the equation (3.2), we define

(7.4)

where e, is the column vector of the same order as the number of states in {,, with all entries

equal to 1.
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For the existence of p, we extend Lemma 5.2 to multi-server case. That is, if we put

= diag(vo @ V11 ® - @ V1, D €21 Q- @ €3,),

then p exists iff
a1, _ ~ L, 1 -
#{D (n;'C..)D}e < w(D B.,,D)e.

By definitions, this inequality is equivalent to the following one:

Z

T}l j= 1 01])

c2 1

Z; S0 (7.5)

If 7, < 1 the inequality (7.5) holds by Lemma 8.5 in Appendix, and hence Lemma 5.2 is
extended to multi-server case.

A similar argument to the above shows that Lemma 5.3 holds for multi-server case. In
fact, if we let

QI @I, ® I,
IO®I11®I12®"'®I161®6_1_
I0®I11®I12®"'®I1c1®eg

IO®I11®112®"'®I101®80_2 )
INRINNRI @ @I, Qe Ven®: - @ ey,
LRI @I 30 - @I, ®ey ®ep®- - Q ey,

then

q = E(’Uo R U1 QU2 Q- ® V1),
KE = E(Th_l'?’oa +T) & (mY11B11 + Sll) @ (MmY120812 + 512) D

@ (n17101ﬂ101 + Slcl)’
AE = E(va®In®Ih®- -1 I,),

CE = E{IO X (’711ﬁ11 D 12812+ D ’71c1131c1)}-

For p, we postmultiply E to the equality p K = 0 to have

PE{(nfl"/oa + T) D (771'711,311 + Sll) D (771’7’12:312 + 312) Q- (771’71c1:31c1 + Slm)} = 0.

From Lemma 4.2, pE is a constant multiple of uy ® u11 ® -+ ® uy.,. Let H' be the
multiplicative constant, then we have :

flpAq = PpE(v,®v11 Q1129 - Q V1)
c1 Cc1
= H'uoyy |[ wijvr; = H'm [[{-51;(00)},
j=1

j=1
mpCq = mpE{ILi® (711811 ® 71281, ®--- & "/1c1ﬁ1c1)}("’0 RUIIB®V12Q - ® V1) }

_ —uOvDZHulkv1k~H T* o—o)H{ S5 0’1]‘}2{ 1k(01k)}

1 =1 k#j
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Hence the inequality of Lemma 5.3 is equivalent to
1 L 1
m < —‘T* (0’0) {*,—} .
U 32;1 Sti(o15)
This holds from Lemma 8.6, and hence Theorem 3.1 is proved for the multi-server case.

We can derive a proof of Theorem 3.2 for the multi-server case in a similar manner. We
omit the proof here.

8. Appendix

In this section, we prove various properties of the solutions of the four key systems of
equations (3.2), (3.3), (3.7) and (3.8) given in Section 3.

Lemma 8.1. The system of equations (3.2) has two solutions, one of which is (1,0,0,...,0).
For the other solution (71, 09,011, ---,01¢,), Th < 1, 09 > 0 and o7; < 0.

Proof. From the second equation of (3.2), we have
Sti(s1) = Shi(su),  7=2,3,...,c1 (8.1)

Since S7;(s1;) is a monotone decreasing function, the relation (8.1) defines s;; as a function
of s11. Then, from the third equation of (3.2), s = —s1; — $12 — - - — 81, is also interpreted
as a function of s;;. Since sy is a monotone decreasing function of s;;, we may take sy as an
independent variable and regard s;i, $12, - . -, S1¢, as monotone functions of sy. For brevity
of notations, we introduce a function

Uy (=50) = St1(511(50))- (8.2)
Then the system of equations (3.2) can be rewritten as

T*(S())Ul*(—&'o) = ].,
S{j(slj) = Ul*(_SO)7 .7 = 1>2a <. 01, (83)
So+ 811+ -+ S1eg = 0.

Now we show that the function U;(—sp) is a logarithmic-convex function, that is, log Uy (—sp)
is a convex function and satisfies

U (=50)U5 (=s0) = {U}' (=50)}* > 0. (8.4)

The first differentiation U} (—s,) can be obtained as follows. Differentiating both sides of
the second equation of (8.3) by sy, we have

! d * dSl‘ d x dSl i k! 3
—Ut (=s0) = s 1;(815) = WSESU(SU) = ngsu(slﬁa i=12,...,a. (85)
It follows from the third equation of (8.3) that
d511 d512 dslcl
1 2 B g,
s T s T s
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Substituting (8.5), we have

Uf’(—SO) Uf’(—SO) Ull( 50)
: + : dooi et =1, 8.6
HERINGATS e (8.6)

and hence .
U* ¥ . (8‘7)
=& (511))

For U} (—sy), differentiating both sides of (8.6) by sy we have

" 1 1
0 = U (- 7 7 . Iy v a—
v S"){Sfl(sll) T Snt) sm(slq)}
U (= ){Sflll(sll) dsu | Shy(sie) dsiz St (o) dSlcl}
LAV St (511)2 dso | Sia(s12)? dsg Stei(5160)% dsg
Uy (—s0) {Si‘f(m) St (s12) St (Slcl)}
- Ly : + 21 foe Sl
U7 sy T O G e T B (5108 57, (510"
And hence ‘ S )
*” C1 * 31
Uy (—80) = {U1 — 30 }32 S (51 ])3
J
Therefore,

& 815 (513) U3 (=50)

Uy (=50)Ut (—50) = {UI' (=50)}* = {Ufl(—SO)}B_Xg S (o) — {07 (=s0))’

(U (—s0)) Z{S*” 51;)5{}-(51:') __! }

- Sti(s15)® S15(815)
N a [81 (s15)8%(s15) — {S1;(UT5)}?
= i Z[ EOIPRE |

Since S7;(s1;) is a logarithmic-convex function of sy;, the term between brackets is positive.
Therefore, Uy (—sp) is a logarithmic-convex function of so.

We denote by (7,00) the domain of 7%(so) and by (615, 00) the domain of S};(s1;). Then
f(s0) = T*(s0)Uf(—50) is defined on (7, — 3 5L, f1;). It is trivial that so = 0 is a solution
of the equation f(sp) = 1. This solution leads us to a solution (h, Sq, S11, 512, - - -, S1¢1) =
(1,0,0,0,...,0) of (3.2). Since f(so) is a logarithmic-convex function with lim,,, f(s0) =
lim,+_54,; f(50) = 00, the equation f(sp) = 1 has another solution sy = 0. We note that,
if p; < 1 then

1 & 1 TY(0)
L T OL 5 T wr )
Since Uy (0) is negative, we have f'(0) = T*(0) — U} (0) < 0. Thus we know that o > 0.
From the monotonicity of S};(s1;), this solution leads us to another solution of (3.2)

(R, S0, S115 812, - - - » S1e1) = (M1, 00, O11, O12, - - -, 01y )

where n; < 1 and 0y; < 0. [ |

Similar argument to the proof of Lemma 8.1 can be applied to the following three lemmas.
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Lemma 8.2. The system of equations (3.3) has two solutions, one of which is
(laaﬂaalla .. '10101507 . ’O)

Lemma 8.3. The system of equations (3.7) has two solutions, one of which is (1, 0,0, ...,0).
For the other solution (7,509,521, - --,02¢,), T2 < 1, 09 > 0 and T; < 0.

Lemma 8.4. The system of equations (3.8) has two solutions, one of which is
(1,50,0,... ... 0,021, .. -, T2¢y)-

The following four lemmas are used in Sections 5 and 6. Since all of them can be proved
in a similar way, here we give a proof of Lemma 8.5 only.

Lemma 8.5. If n, < 1, then

1 €1 C2

— > (8.8).
771 ]z:l Sl_](GIJ Jz::l
Proof. Similar to the proof of Lemma 8.1, we introduce two functions
Ur(Uy) = Si;(s1;(U7)), Ul =su+si2+ -+ 81y, (8.9)

Uz (Usz) = S3;(52;(Uz)), Uz = sa1 4822+ -+ + S2c,,
and consider the equation
£(U3) = Ui (00 = U3 )U5 (U3) = -

Since f2(Uy) is logarithmic-convex, this equation has two roots, 0 and o,. If 7, < 1, then
o2 < 0 from (8.9) and f4(0) > 0. This implies that

£5(0) = ~Uy (=a9) + Ui (=00)U3 (0) > 0,

and hence
1 S 1
mUt (~oo) = U3'(0)
From a similar equation to (8.6), we prove (8.8). |

m 1 1

Lemma 8.6. ; < — T
T*(00) m E S75(015)

1 =
Lemma 8.7. If 7; < 7,, then —— > — =
' 2 T (0y) T E Si; (0)

T2 1 & 1

Lemma 8.8. —_— > o=
T (‘70) ) 32;1 Szj(‘72j)
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