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Abstract A new stochastic process called block renewal process (or G(m) process) is proposed for mod-
eling auto-correlated arrival processes of queueing systems. This process can be modeled easily by the
observable marginal distribution and global auto-correlation index of auto-correlated arrival process. This
new process is very simple and tractable, so it is good for both simulation and numerical computation. We
also discuss how to obtain analytically the steady-state distribution of queue length of a G(2)/M/1 queue.

1. Introduction

Many traffic engineers and researchers are starting to pay much more attention to the
importance of the auto-correlation of arrival processes in queueing systems (see [1], [2] and
[3] for example). It is known that a stronger positive correlation results in a worse waiting
time. Moreover, in telecommunication traffic engineering, one encounters various kinds of
auto-correlated arrival processes. In particular, in a multimedia network, such as an ATM
network, one must deal with many different types of arrival processes like data, voice, still
images and moving images. All of them have different auto-correlation structures. Thus,
one must consider good methods of modeling auto-correlated processes.

Several methods have already been proposed. The best-known auto-correlated process
in queueing problems is probably the Markov-Modulated Poisson Process (MMPP) [3].
This process is a special case of Markovian Arrival Process (MAP) [4] or more general
semi-Markov processes. Using phase space, we can impose a correlation structure on these
semi-Markov processes. By tracking transitions in the phase space, we can treat these
processes as a Markov process, which is tractable through the Matrix-Geometric method
[6]. However, we need some skill to make a gopod MMPP model given empirical data of
arrival process [6]. One of the biggest problems in building a good MMPP type model is
that we need to deal with many parameters that usually have no physical meaning and are
not observable. In old telephone traffic theory, the only parameter we have to observe is the
mean traffic volume (or erlang), so modeling traffic processes and designing the network are
relatively easy. :

Other methods for modeling auto-correlated processes have recently appeared in the
literatures. Jagerman and Melamed [7] proposed the Transform Expanded Sample (TES)
method. In this method, we first construct a discrete-time stochastic process, called a back-
ground process, which has uniformly-distributed marginals and tunable correlated structure.
The background process is then transformed to have the exact target marginal distribution
and approximate target autocorrelation function. TES queueing process are difficult to
solve analytically, but recently Melamed et al. reported a numerical solution for quantized

TES/PH/1 [8].
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Both MMPP modeling and TES modeling require a complicated procedure for obtaining
a model from observed data of the arrival process. Here, we propose a relatively simple
auto-correlated stochastic process. We can construct an auto-correlated arrival process that
matches observed parameters with important meaning in the context of queueing systems.
This process has a renewal structure, so it is relatively easy to get analytical results by
using the Matrix-Geometric method. Indeed, for the simplest case, we do not have to use
the Matrix-Geometric method at all to get numerical results (see Section 4).

This paper is organized as follows. In section 2, we define the so-called G(m) and G(m, «)
classes of processes, which are designed to approximate auto-correlated processes. In section
3 we propose a procedure for building a G(m, o) process from empirical data. We then solve
the queueing problem of a single-server queue in section 4. In section 5, we examine some
examples of the G(2) process. In section 6 we treat the global auto-correlation behavior of
MAP, which will be used in section 7. In section 7, we discuss the accuracy of our method
through some numerical examples.

2. The G(m) and G(m,a) Processes

Let X;,Xs,-+- be a sequence of random variables (possibly auto-correlated). We say
that the process X;, Xs,--- is a block renewal process with a renewal length of m, or that
X1, X5, -+ is a G(m) process for short, when the sequence of m-dimensional random vectors
(Xmnt1s Ximng2> - Xm(ng1))n=01,2,. for m = 1,2,---is i.i.d. Note that in this notation,
the term GI (commonly used for a renewal process in queueing theory) is replaced by G(1).
The G(m) process is a natural extension of ordinary renewal processes and we can impose
any type of correlation within renewal cycles.

In the sequel, we define a process G(m, ) by restricting the correlation structure of the
G(m) process. First however, we prove the next lemma concerning the probability mixtures
of auto-correlated random vectors.

Lemma 1. Let X,,Y and Z be correlated random variables that have the same marginal
mean E[X] and variance Var[X], Let

p(X1,Y)=py and p(X1,Z)=ps, (2-1)

where p(A, B) = {E[AB] — E[A]E[B]}/{Var[A]Var[B]}'/? is the correlation coefficient of
random variable A and B.
Define a random variable X, by

_JY with probability p )
X2 = { Z  with probability (1 — p) (2-2)
then we have
p(X1, X3) = ppy + (1 — p)p-. (2-3)

Proof. By the definition of X,, we have

E[X1X,] = pE[X)Y]+ (1 —-p)E[X,Z]
= p{p,Var[X]+ E*[X]} + (1 — p){p-Var[X] + E*[X]}
= {ppy + (1 = p)p.}Var[X] + E*[X].
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Theorem 1. Let X; and X, be random variables with identical distributions. Suppose
that X, = X, with probability p, and X, and X, are independent and identically distributed
with probability 1 — p. Then

p(X1, X3) = p. (2-4)

Proof. Substitute Y and Z in Lemma 1 as follows: set Y = X; and Z and X; be i.i.d.
Thus,
p.=p(X1,Z)=0 and p, =p(X1,Y)=1

By (2-3) we have
p(X1,Xz)=p-1+(1—p)-0=p=p.

Remark. This theorem shows that we can construct a pair of random variables having
both some prescribed marginal distribution and some prescribed positive correlation coef-
ficient p. Furthermore, we can construct a pair of random variables that has a negative
correlation coefficient by using the following random variables.

P(X <z,Y <y)=Max{0,{P(X <z)+ P(Y <y)—1}}. (2-5)

(See Tchen [12] for a detailed description of this type of random variables.)

Let G(z) be any given distribution. Let the m-dimensional random vector X = (X1,---, Xp)
have the following correlation structure: (A) with probability «, all the m random variables
in X are identical and distributed as G(z), and (B) with probability 1 —«, all the m random
variables in X are i.i.d. distributed as G(z).

The m-dimensional random vector has the following properties;

(1) The X;,-+-, X, have an identical marginal distribution,

(2) The correlation coefficients of (Xi,- - -, X,,) are
p(Xi, X;)=a for 1<i#j<m.

Let {X(®}22 be a sequence of i.i.d. random vectors, where each X*) = (Xl(k), o, XR)
is constructed as X above. Construct discrete-time stochastic process X = {X;}2, such
that X; = X}k), provided ¢ = (k — 1)m + j. In other words, we construct X out of the
vector “blocks”, X(¥). Clearly, this constitutes a subclass of G(m) processes, which we call
a G(m,a) process. The merit of G(m, ) processes is the ability to endow it with any
prescribed marginal distribution. Moreover, by varying the pair of values (m,a), we can
tune its auto-correlation structure.

Figure 1 shows an example of a sample path of a G(m, @) process with uniform marginal
distribution on the interval [0,10], m = 5, and o = 0.5.

Next, we define the index of global auto-correlation, (3, as

8- imxl,xz-), (2-6)

provided the sum exists. The index of global auto-correlation is a global measure of the
“amount” of the auto-correlation of a stochastic process; it plays an important role in the
subsequent queueing processes.
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Figure 1. A sample path of a G(m, ) process

By extending the ordinary heavy traffic argument to the G(m) process, we can easily
find that if two processes have identical marginal distributions and the same index of global
auto-correlation, they are asymptotically equivalent in single-server queues. Also, the index
of global auto-correlation plays an important role for calculating the tail probability of buffer
content of Gaussian-type input processes [14].

The following theorem about the index of global auto-correlation of the G(m, ) process
1s useful.

Theorem 2. The indezx of global auto-correlation 8 of an equilibrium G(m,a) process is

a(m—1
g=142m=D) (2-7)
2
Proof. Since we assume an equilibrium G(m, a) process, the selection of any of the m
interarrival times is equiprobable. Thus,

/@:ZP[Xlan]Z1+E{a+2a+---—|—(m—1)a+0}:1+___a(m2 )’
j=1

since correlations across blocks vanish by construction.

3. Procedure for Modeling the Auto-correlated Process

In this section we summarize the procedure for constructing a G(m, ) model from
empirical data (in our case, interarrival times). Assume we wish to construct a stochastic
sequence X1, Xa,--- that models a target stochastic sequence Y;,Y5,--- with its empirical
data (y1,- -+, yn). Note that the marginal distribution and the parameters (m, o) completely
determine a G(m, a) process X1, Xy, - .

Model Construction Procedure:

(1) Compute an empirical marginal distribution G(z) from the path (y1,---,yn) (typically,
a histogram). :

(2) Compute an empirical index of global auto-correlation 3 from the path (y1,- -, yn).

(3) Calculate the model’s renewal length, m, as the smallest integer greater than 28 —1, i.e.

m—1<28-1<m. (3-1)
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(4) Compute the corresponding o by

o= %?—_1) (3-2)
m — 1
(5) The requisite model of the process Yi,Ys,----is given by the G(m,«a) process with

marginal distribution G(z).

From (3-2) and Theorem 2, we can easily find that this G(m,a) process has the same
index of global auto-correlation [ as its empirical counterpart.

Remark. We do not have to select m as the smallest integer greater than 26 —1. We can
make the renewal length longer by using smaller «, but for computational and simulation
efficiency, it is preferable to use the smallest possible m.

Compared with the moment-matching method of MMPP, our procedure emphasizes
matching the marginal distribution and the global behavior of the auto-correlation structure,
which can be captured by the index of global auto-correlation. We believe that this results
in a better approximation. The test of accuracy using real-life data is under further study.
Also, compared with TES, the above procedure has the advantage of simplicity. This makes
it easy to perform both simulation and analytical computation.

Taking m identical copies of interarrival time with probability « often results in a G(m, a)
process whose simulated sample paths look different from the empirical sample path. How-
ever, there exists real life processes for which G(m,a) is a good model, notably the output
cell streams from leacky bucket, which is commonly used in ATM for traffic shaping. Leacky
bucket has constant interarrival time and their multiplexed streams often resemble the sam-
ple path of a G(m, a) process.

4. The G(2)/M/1 queue

Since G(m) processes (including the G(m, ) process) have a special renewal structure,
we can solve analytically the simplest G(2)/M/1 queue by using an embedded Markov
process.

Consider a G(2)/M/1 queue with a G(2) arrival process X, Xa, -+ and iid exponential
service times with mean p~!. Let G(z,y) = P{X: < z,X, < y} be the joint distribution
of (X, X5,), which completely determines the G(2) process. We assume the 0-th customer

arrived at time 0. Let T; = Z X, be the arrival epoch of the i-th customer and L; be the
n=1

number of customers in the system at 7;  (the number of customers seen by arrivals). The

process Ly, forms a Markov process with transition matrix

Cy, B, A 0
Cs By, A A

P = 04 B3 A2 Al A() : (4—1)

Here, Ay is the probability that k customers departed during (T3, To(m+1)) and more than
two customers remained in the system. By is the probability that k& customers departed
during [Tom, Tz(m+1)) and one customer remained in the system. Cy is the probability that
k customers departed during [Tm, T2(m+1)] and no customers remained in the system. The
explicit form of Ay is

Ay = /0 - im%’/)}ke—“(m)a(dx, dy). (4-2)
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Letting P, = nll_l}go P{Lym = n}, we get the steady-state equations

P.n = Z Pn—-2+kAk for n _>_ 2, (4—3)
k=0

Pi = > PiByy,
k=0

Py = > PiCrso (4-4)
k=0

Define the generating function of P, by

P*(2) = Y Pz (4-5)
k=0
Then, from (4-3), we have
0 oo k—1
ST PR = 226 (p(1 — 27, p(1 — 27))PR(2) = YL D PaArt TR, (4-6)
k=2 k=0n=0

where G*(s,t) is the LST of the joint distribution of G(z,y). A usual manipulation yields,

oo k-1
~ 3 Y PuAH 4 2P 4 By

* . k=0 n=0 )
P = TG = a0 (1)

We now proceed to use an argument similar to the one for the bulk arrival queue [9, 10].

Lemma 2. If u{E[X,]+ E[X,]} > 2, then inside the unit disc there are two roots, oy and
04, of the equation

o = G*(u(1 - o), (1 = ). (+39)
Moerover, one root, oy, is positive real and the other, oy, is negative real.
Remark. The condition
p{E[Xi] + E[X5]} > 2 (4-9)
is equivalent to the traffic intensity less than 1.

Proof. Let f(z) = —z? and g(z) = G*(u(1 — 2), u(1 — 2)). From the definition of G(-), we

have
7(1) = -G ({1~ 0), w1 — ) lomr= H{EG] + B}

On the circle {|z| = 1 — ¢}, we have
1f(2)] = (1 —e)2=1-2¢+¢ (4-10)
Since u{E[X1] + E[X,]} > 2,
|F'(D)] =2 < p{E[X1] + E[X:]} = |g'(1)]
Thus, we have

lg(2)] <1 —eg'(1) +o(e) < 1—2e+o(e) (4-11)
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Hence,

lg(2)| < |f(2)| ontheset {|lz|—1—¢} (4-12)

for some small positive €.

Using Rouche’s theorem, we know that f(z) = —2z% and f(2) + g(z) = —2% + G*(u(1 —
z), (1 — 2)) have the same number of zeros inside {|z| = 1 — ¢}. Thus, equation (4-8) has
two roots.

On the other hand, since g(0) = G*(u,u) > 0 and g(z) is a continuous function, there
should be at least one intersection of y = 2% and y = G*(u(1 — 2), u(1 — 2)) in the region
{(z,y) € R*: z > 0,y > 0}. Hence, one root, gy, of (4-8) must be positive real. Similarly,
y =22 and y = G*(p(1 — 2), u(1 — 2)) intersects in the region {(z,y) € R*: 2z < 0,y > 0},
whence o3 is negative real.

Theorem 3. Let P, be "thevsteady-state probability in a G(2)/M/1 queue that the number
of customers seen by an even-numbered customer is n, i.e.,

P,,,,:n!g%OP{Lzm:n},

where Loy, is the number of customers seen by the 2m-th customer.

If W{E[X,1]) + E[X:]} > 2, then the generating function of {P,}, P*(z) = Y Pi2*, can

k=0
be explicitly written as o
Ciz + C;
P*(z) = 4-13
(2) (1 —012)(1 — 092)’ (+13)
where o1 and o4 are the solutions of the equation (4-8), and
Cl = (1 — 0'1)(1 — 0'2) e 02
_ —g10103(1 — 03) + §20103(1 — 01) + 010290(01 — 02) (4-14)
9102 — 201 ’
C, = G103(1 = 03) — ga01(1 — 01) — 0109g0(01 — 02)’ (4-15)
9201 — G102
9o = G*(07 )7
g1 = G*(P’(l - 0-1)7P’)a (4_16)

g2 = G*(p(l = o2),u).

Proof.  Since the denominator of (4-7) has only two zeros, 1/0;y and 1/0,, outside the
unit disc,

_ C)(—a2)(1 - 02)
AC) = TG (= 0,01 = D)

is regular for all z, where

oo k—1
C(Z) = - Z Z PnAkZZ—k+n + ZP] + P().
k=0n=0
It 1s easy to see that
A
lim A _
|z|—)oo Zz
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Hence we can write A(z) = Cyz + C, for some constants C; and C;. Consequently, we have

Clz + Cz

P*(2) = ' ]
(=) (1 —012)(1 — 032) (4-17)
Since Z P, =1,
n=0
Ci+Cy = (1 —01)(1 —0'2)_ (4~18)
From the asympktotic behavior of A(z) = Ciz + C,, we have
C; = lm Alz) _ li (1 =012)(1 = 042)C(2) /2

ooz Jlmeo 1 — 22GH(u(1 — 21, p(1 — 2-1))

0103

G {E(BkH AkH)Pk} . (4-19)

Since Byt1 = P{(k+ 1) Poisson events occur}+ P{at least (k +2) Poisson events occur but
only (k+ 1) events are effective departures}, we have

I=k+2 Tty
Hence,
oo oo -2
> (Brg1 — Apy1) Py = /Z Z Pre "G (dz, dy). (4-20)
k=0 =2 k=0

oo -2 l
We can calculate » Z pa) Py, by using the following Lemma concerning the product of

=2 im0 !
generating functions.

Lemma 3. (See Vich [11] for proof.) Let F(z Z az7 and G(2) = Y _biz™'. Then the
1=0
generating function of the product is

Zalblz - %}fﬁ%’i@d@ (4-21)

where the integral path ¢ can be chosen to have all poles of F(z) inside ¢ and all poles of
G(z/€) outside c.

-2

Setting a; = Z Py and b; = 1/Il! in Lemma 3, we have

k=0
2 Dx* 2
1y 2P (z) 24(Cy1z + Cy)
FE) = l—z  (1—=2)(1—o012)(1 —0y2)
and
Gzl =¢€
Hence,
= 1 (Cy + Caf)et/

dt. (4-22)

D=L T = 5 by BE= D - o=
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By the residue theorem and (4-17), we can deduce
Cl i (C] -+ 02)61/2 + (Cl + 020'1)601/2 (C] —+ C20.2)60'2/z

H(z) = g10, (1-01)1—02)  o1(o1 = 1)(01 —03)  03(09—1)(0z —01)
oo [—2 T
Since IZkZ (N. = H((uz)™"), we have
ki(Bk+1 — Ap1) By = 0?02 G™(p, p) + G*(0, 1) + 01(0(101_-{1_)6(7;101_) 02)G*(N(1 —01), 14)

(Cy + Ca02) . .
oa(oz — 1)(og — G1)G (1 2)s 1)-

Hence the constants C; and C, are determined by the following two linear equations:

(C1 + Cy0q) *
G*(u(l = o),
0_1(0_1_1)(01_0_2) (,U,( 0-1) N)
(C1 + Ca0,) *
G 1—03),p1)=0
0_2(0_2 — 1)(0_2 _ 0_1) (/1’( 2) ,LL)
Cl + Cz - (1 — 0'1)(1 _ 0'2), (4—23)
which can be explicitly solved, yielding (4-14) and (4-15).

Theorem 4.  The mean queue length seen by an odd-numbered customer in the G(2)/M/1
queue is given by

G*(0,p) +

1 1
ElLyni1] = E[Ly]+1-— — +
]- — 01 l — 09
02 C'1 + 020'1
* + G*(u(1 — 01),0 4-24
(1—o1)(l=02) (1 =01)*(01 — o) (p(1 = 1), 0) (4-24)
n C1 4+ Caoy G*(,u(l — 53),0).

(1 —02)*(02 —01)

Proof. Let p, = P{Ls, = m} and ¢, = P{L3,; = m}. Conditioning on the interarrival
times, for n > 1 we have

o0 m+l1—n 00 m
Plloa=n | (X1,X2) = @)} = 5o AT oy S e

e (m+1—n)! m!

Hence, g, can be obtained as

/00 pe) e " Prmtn-1G(dz,dy) for n>1,

|
_om

k
Go = / ) e " p,G(dz, dy).
k—'n+l '

Let Q*(2) be the generating function of g,,. The mean queue length seen by odd-numbered
customers can be calculated by

ElLoky] = Q*’(l) = /:) Z Z ”(_l%nie_wpmﬂ—la(d% dy)

n=1m=0

= E[Lx]+1—-pE[X] —/ 0 ’ux)m THe (Tg(n +1-~- m)pn) G(dz,dy).
(4-25)
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We will use complex analysis to get an explicit form of the third term. Define the sequences

{am} and {b,,} by

m=—1

am =Y (n+1—m)p,, and b, =1/ml (4-26)

n=0

Using ordinary generating function arguments, we have

oo m—1 m Z2P*’(z)
go TLZ:-:O R

and

00 m—1 m 22P*(Z) ZZP*I(Z)
Z(l—m)anz "'"(1*2)2—' .

m=0 n=0 l—z

Letting A(z) be the generating function of a,,, and using (4-13), we have

A(z) = i gy = Z2ENE) —2(Ciz + Gy) (4-27)

(1 —22) (1 =2)%(1 —012)(1 — 022)

Now letting (€1t Ca2)
—Zz 1 9z

(z = 1)2(z — 01)(2 — 03)

F(z) = A(z"Y) =

and

G(z)=B(z )= Y bpz ™ =¢'/*
=0

in Lemma 3, the generating function of the product of a,, and b,, becomes

N 1 [ F(§G(2/¢)
= =—— ¢ ——"27
H(Z) ;) alblz omi f; § é'
£(C1 + Ch¢) ¢/z
= — Re s e*?, 4-28
S S o)
where {; = 1,§ = o0y and & = o;. Calculating the residue value at each pole of the

denominator, we obtain

1/z 1/z O, ell 1/z
H(z) _ € + e _ 2€ . €
1——0’1 1-—0’2 (1—0’1)(1—0'2) z

(C + Cy01)e”r/? (C1 4 Cyoq)e2/?

(1 —01)%(o1 —02) (1 —02)%og—01)

Integrating both sides with respect to G(dz, dy) yields

1 1 Cy
¢ th t 95) = _ _ LEIX
he forth term of (4-25) 1—01+1——02 A= =2 pE[X]
(C1+ Caoq) (Cy + Cao,)

G*(/‘(l - 01)7 0) - G*(#(l - 02)70)'

(1 —01)%(0y — 03) (1= 03)2(05 — 01)

We next propose a numerical procedure for finding roots o; and oy,. We consider the
following iteration:

Ugn) - {G*(#(l — o{n_l))aﬂ(l - a_gn—l)))}l/Z’
o = —{@(u(1 = oY), p(1 = oI, (4-29)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



Block Renewal Processes 63

with af")‘, aﬁ”’ € [-1,1). Then we can expect

(n)

oy = lim o}

(n)

and 0y = lim o3, (4-30)

Remark. Alternatively, the G(m)/M/1 queue can be solved by using the Matrix-Geometric
method analogously to the bulk arrival queue (see [5] section 1.5). We believe that the above
procedure is efficient for m = 2, but for higher m, we recommend using Matrix-Geometric
methods for simplicity.

5. Examples of G(2)/M/1 queue .
In this section we exhibit some examples and relate them to existing models.

Example 1. (GI/M/1 queue) In this case, the LST of the joint distribution of interarrival
time is just the product, i.e.,

G (s,) = G*(s)G"(0), (5-1)

where G*(s) is the LST of the marginal interarrival time distribution. The roots o; and o
are determined by

o1 =G (u(l —01)) and o9 =-G*(u(l —02)), (5-2)

and, solving (4-23), yields
Cl = —(1 - 0'1)0'2 and 02 =1- ag;. (5-3)
Substituting (5-3) into (4-13), we have

]."0'1

P*(z) = ———————(1 “ord)’

(5-4)

This coincides with the solution of ordinary GI/M/1 queues.

Example 2. (Bulk arrival GI21/M/1 queue) In this case, the LST of the joint distribution
of interarrival times is independent of the first argument, i.e.

G*(s,1) = G*(2), (5-5)
and
Cl =0 and Cg = (1 - 0'1)(1 — 0'2). (5'6)
Substituting (5-6) into (4-13), we have

sy (=011 —09)
P(z) = (1—012)(1 — 092)’

(5-7)
which coincides with the solution of ordinary bulk-arrival GI1/M/1 queues.

6. The Marginal Distribution and Index of Global Auto-correlation of MAP
In this section we discuss the marginal distribution and the index of global auto-correlation,

B, of Markovian Arrival Process (MAP) (see [3] for details). Consider a MAP and let Do
and D, be the transition rate matrix of phases without arrival and with arrival. Then, the
LST of marginal distibution of interarrival time has the form

G*(s) = ma(sI — D3')Dye, (6-1)
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where 7, is the stationary probability vector of the phase at arrival.

Let Q(t) be the semi-Markov kernel of MAP, that is, the (7, j)-element of matrix () is
the probability that the first transition takes place by time ¢ and jumps to phase j, given
phase ¢. Then

Q) = /Ot e duD;, (6-2)

and

Q(o0) = —-Dg' D, (6-3)
The LST of Q(¢) is defined by

Q*(s) = fooo e~ Q(dt) = (sI — D;1)Dy,

and its derivatives are

t

Q" (s) = —Dg "Dy, (6-4)

and

Q"' (s) = —2D5°D. (6-5)

The auto-covariance of interarrival time sequence (X;);=1,2,... can be computed for m > 2
as

Cov(Xy1, Xm) = 7Q"(0)Q(00)Q" (0)e — [7Q™ (0)e]?, (6-6)

where 7 is the stationary distribution of the phase at arrival epochs. For m > 3, we can
rewrite (6-6) as

Cov(Xy, Xm) = 1Q* (0){Q(c0) — Q°(c0)}" ' Q" (0)e, (6-7)

and for m = 2,

Cov(X1, Xz) = 7Q* (0){Q(00) — Q= (0)}°Q' (0)e — (7Q*'(0)e)”. (6-8)

Moreover, we have

n

Var[X] = 7Q* (0)e — (1Q™ (0)e)™. (6-9)
Hence, G can be calculated as
7Q ()1 — Q(o0) + @=(00)}°Q" (0)e — (@ (0)¢)?
7@ (0)e — (1Q*(0)e)?

7. Example of an Approximation of MMPP(2)
Consider a two-state MMPP (MMPP(2)) as an example of an auto-correlated arrival
process. The transition rate matrix without arrival, Do, and with arrival, D;, can be

written respectively as
_ | ~To— Ao To 7.1
o= ) ()

D, = < )(‘)0 AOI ) . (7-2)

B=1+ (6-10)

and
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Recalling results of the MMPP(2)/M/1 queue, the infinitesimal generator of the queue
length process is

Bo A 0
By Ay Ag
Q= Ay A1 Ao 7 (7-3)
Ay A
0 .
where \
— 0 0 ’ —
Ao = ( o ) ) , (7-4)
- "'(’LL + o + >\0) To 7_5
Al_( 1 —(p+ri+M) )’ (7-5)
and
_(# 0 :
A; = ( 0 u ) . (7-6)
Let 7 = (my,mq,-+-) = ((w],72), (71, 72),- - -) be the stationary probability vector of @, i.e.
mQ = 0. (7-7)

Then by the usual Matrix Geometric argument (see Neuts[4]), there exists a rate matrix R
such that

ﬂnR = Mp—-1, (7—8)
which satisfies the equation
R*A; 4+ RA, + Ay = 0. (7-9)
The stationary probability vector of phases, v, is

v = () = (o, ), (7-10)

b
ro+r o+

whence the stationary vector of the queue length of MMPP(2)/M/1 can be written as
m. =v(l — R)™'R". (7-11)

16 N ]
. MMPP =3; A0=1

| - ]
50| o G(ma) 10=2; r1=2; J
@
o 10 } E{
g {
z 8¢
S 6t c/
(0]
E 41

2 L

0 "

0 1 o2 3 4 5

arrival rate A1

Figure 2. One arrival rate and mean queue length

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



66 H. Toyoizumi & J. G. Shanthikumar & R. W. Wolff

Moreover, the mean queue length is given by

E[L]=vR(I — R) e, (7-12)
1
where e = 1) Note that R can be obtained by numerical iteration.
Next we examine the efficacy of our approximation method when applied to known
target models. Let MMPP(2) be the target process, and follow the procedure described in

section 3 to construct an appropriate G(m,a) model. The following figures compare the
mean queue lengh of various MMPP(2)/M/1s and the corresponding G(m, a)/M/1.

—— e

mean queue length
(&}

1=3; A0=I; Al1=3;

(8N o < on O N~ 0o o o - o ™ W0
-~

Figure 3. Phase transition rates and mean queue length

9
8 [ “—— MMPP
~
% 7T L G(m,a '
g s | (mv) /;\/
3 5 | =
% 3 H—
g 29 U=3; A0=1; Al=3
1} ri=2;
0 1 L 1 '
[4V] [op] < [Te] [{e] ~ [s0] (o2} (o] ~—

Figure 4. One of the phase transition rates and mean queue length

Figure 2 depicts the mean queue length of both processes for various arrival rates of phase
1, A;. Obviously for larger A, the mean queue length of MMPP(2)/M/1 increases since
the overall arrival rate becomes larger. This figure shows that the corresponding G(m,a)
approximation tracks this trend perfectly. In Figure 3, we set the phase transition rates
ro and r; to a common value r. As r increases, the correlation between arrivals becomes
smaller, so the mean queue length of MMPP(2)/M/1 becomes shorter. We can see that
the G(m,a)-approximation tracks this trend. In Figure 4, we increase the value of o,
which affects on the mean queue length in MMPP(2)/M/1 non-intuitively. For larger r,
the overall arrival rate increases but the correlation between arrivals decreases. In this case,
the queue length of MMPP(2)/M/1 becomes larger. Again, we see that the G(m,a)/M/1
queue approximates well the MMPP(2)/M/1 queue.
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